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Instructions to Authors 

1. General 

Manuscripts should be typewritten, double- 

spaced throughout, with wide margins. Papers 

should be as short and concise as possible. 

Generally 3 double-spaced manuscript pages 

correspond to about 1 printed page. 

In general manuscripts should not exceed 

25 manuscript pages including figures 

and tables. 

To accelerate publication only one set of 

proofs is sent to authors. This shows the final 

layout of the paper as it will appear in the 

journal. It is therefore essential that manuscripts 

are submitted in their fina/ form, ready for the 

printer, and that the approximate desired posi/- 

tions of figures and tables are marked on the 

margins. Proofreading should be /imited to the 

correction of typographical errors. Any other 

changes involve time-consuming and expensive 

work, and the costs will be charged to the 

author(s). \f absolutely necessary and space 

permits, additions may be made at the end of 

the paper in a ‘Note added in proof”. 

Each manuscript should include a separate sheet 

of ‘Instructions for the compositor’ explaining 

markings and special types used. 

2. Text 

Abstract. All papers must have an English 

abstract and, if written in German or in French, 

an English translation of the title in 

addition. 

Headings. Subheadings (Introduction, Mate- 

rials and Methods, etc.) should be placed on 

separate lines. Nouns, adjectives, etc., should 

be capitalized. 

Subheadings should be classified according 

to the following system: 

1. = first subheading 

eile = second subheading 

1.1.1. =third subheading 

1.1.1.1. = fourth subheading. 

Italics should be used for emphasis in text. 

Underline to indicate /ta/ics. 

Small print. Materials and methods, and 

sections of lesser importance should be marked 

for small type. Because of higher composition 

costs, small type is no less expensive than 

regular type but serves to improve the organi- 

zation of the text. Footnotes and tables are 

always printed in small type. 

Footnotes to the text should be numbered 

consecutively. They should be placed at the foot 

of each page (not at the end of the article). 

3. Formulae 

Equations should be typewritten whenever 

possible, showing special typefaces (alphabets) 

by underlining in color (see Marking). As 

there is no difference in size, extra special 

attention should be given to the placing of 

indices and exponents so that they are 

recognizable as such. Formulae should preferably 

be written in the “linear” form (see Notations). 

Equations should be numbered sequentially 

with arabic numerals in parentheses on the 

right-hand side of the page. In the text they 

are cited simply by the arabic numeral in 

parentheses, e.g., (7); the form Equation (7) 

or Equations (7) and (8) should be used 

only at the beginning of a sentence. 

Marking. Letters in formulae are normally print- 

ed in italics, figures in ordinary typeface. 

It will help the printer if in doubtful cases the 

position of indices and exponents is marked 

thus: 

ba, av 

Underlining for special type should be done 

according to the following code: 

single underlining = Small letter 

double underlining = Capital letter 

yellow = Upright: abbreviations e.g. Re, im, 

grad, div, lim, NGC, and all elements 
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violet: 

the single letters | and capital O (to distinguish 
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also the handwritten Roman letters: 
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the costs. 
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Quantitative Description of End Plate Current and its Reconstruction 

H. Yagi-and T. Hashimoto 

Faculty of Engineering, Toyama University, Takaoka, Japan 

K. Sugimoto 

Faculty of Education, Toyama University, Toyama, Japan 

Abstract. An attempt was made to quantify the post- 

synaptic current based on the experimental data of the 

voltage clamp method. The conductance change in 

postsynaptic membrane was derived from the postsyn- 

aptic conductance of voltage clamped postsynaptic 

membrane, then it’s temporal characteristics and de- 

pendence on the clamped voltage have been quantified. 

The temporal characteristics was found to be explained 

by the introduction of two schematic operators, active 

and inactive. This idea was applied to a simple electrical 

circuit model of the postsynaptic cells. Besides the 
change in postsynaptic potentials of normal synapse in 
excitable state was culculated as its application. 

Introduction 

The voltage clamp of postsynaptic membrane had been 

executed by N. Takeuchi and A. Takeuchi (1959) and 

Oomura and Tomita (1961). The dependence of the 

conductance characteristics on the voltage was con- 

firmed by Magleby and Stevens, (1972). Magleby and 
others have quantified the characteristics partially 

based on their data availed. In their model, they 
assumed that the conductance was controlled by the 

reaction and the resolution of the transmitter which has 

an effect on the postsynaptic membrane. They ex- 
plained that the contactable quantity of the transmitter 
to receptive site controlled the membrane conductance 

depending on the clamped voltage. 
In this paper, based on the physiological data of 

Magleby and others, it was found feasible to express the 
conductance change by a set of simple mathematical 

expression with good accuracy. This work is based on 

such an idea as that of Hodgkin and Huxley (1952); the 
conductance of the postsynaptic membrane is con- 

trolled not only by an active operator which opens the 

ion channels but also by an inactive one which closes 

the channels. 

The authors calculated the temporal characteristic 
of conductance from the current variance divided by 

clamped voltage, utilizing a series of the data for 

postsynaptic current under voltage clamp by Magleby 

and others. 

Mathematical Description 

Postsynaptic Current 

of Voltage Clamped 

The result of its detailed analysis showed that it was 

reasonable to assume that the time variance of con- 

ductance change under voltage clamped should be 

determinable by two variables, each of which could be 

expressed by first order differential equations. Each 
variable should be called active operator, m, and 
inactive operator, h, respectively. The former acts to 

increase the membrane conductance and vice versa for 
inactive one. There are some assumptions here; 

g=gmeh, (1) 

dm _ 
ra m(l—m)— Bin (2) 

dh 
or a,(1—h)—B,-h. (3) 

Here, g is a constant having the dimensions of (®), and 

am, Pm, «h, and fh are functions of the clamped voltage 

v, but not those of time. These equations are derived 

directly from the data of actual membrane, but these 

operators would have a physical significance assuming 

that the conductance of the postsynaptic membrane 

should be proportional to the number of the transmitter 

receptive sites of it’s outer side. The receptive sites 

should be occupied by three active substances and left 

vacant by the occupation of an inactive one at the same 

time. Therefore m represents the probability of occu- 
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Fig. 1. Relation between maximal conductance and clamp voltage Vc. 

Here, maximal conductance g,,,, correspondes to h,,. Solid line is 

curve calculated by theoretical formula. M is experimental data 
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Fig. 2. Relation between time constant t, and clamp voltage Vc. t,, is 

obtained by computing (11). A is experimental data 

pation of receptive site of postsynaptic membrane by 

active substance, and |—m represents that of non- 

occupation. 

am, pm, and wh, Bh represent the rate constant of 

transmission velocity of reciprocal directions re- 

spectively. Both m and h are variables between | and 0 

as probabilistic coefficient. Under such initial con- 
ditions as m=m, and h=h, at t=0, the solutions of the 
Equations (2) and (3) would be solubled as follows 

m=m, —(m,,—mMo)exp(—t/t,,), (4) 

h=h,, —(h,, —ho)exp(—t/t)). (5) 
Here, 

o 1 
— de oe at 6 

He Chae ian Hi nana 

0% 1 
an ee ee at (7) 

ot, + Bi, , a, + By 

and 

C1 Xp 
mo (0) 

ho 
ti =e 

0 > 

no = Doe bho oF Bho 

WhETE Ono» Binge AA 4,55 Ba, are initial values prior to the 

change in membrane potential. 
Now from (6) there should be such relations as 

follows between ™,,, Ti. %m, and B,, 

ie (8) 

Bm (le) tn (9) 

and still more, between h,,, t,, %,, and f, 

ha =O," ty, (10) 

6,=G—=h2)-1° (11) 

Before the change in membrane potential, the con- 
ductance of postsynaptic membrane is very small 

compared with it’s maximum value. So, my would be 
negligible when the depolarizing potential is smaller 

than 30,,y, and it is also true for h,,, because the 
inactivity is accomplished. Then the donductance 

would be given by the product of m? in (4) and h in (5); 

g=g'[1—exp(—t/t,,)]*-exp(—t/t,). (12) 

Here, g'=g-m:3,-ho, representing the conductance when 
h is equal to h, and m,, would be given by 

m _Va' (13) 

Formularization of the Rate Constants, «, and B,, 

Conductance was calculated by the method above 

mentioned from the physiological data of Magleby and 

others in order to express «, and f, as the functions of 

the membrane potential. The maximum value of the 

rate constants of velocity at the decay process was 

derived from these values of conductance of postsynap- 

tic membrane as availed above, and described as a 

function of the clamped voltage. In this way, the 

maximum value of the conductance is also calculable, 

and Figure 1 is given. These calculated values cor- 

respond to 1/t, which is shown in Figure 2, and h,, 
which is shown in Figure 1 respectively. 

a, and £,, would be derived from h,, and 1/t, which 
are already known as the functions of clamped voltage 
by using (10) and (11), and Figure 3 is given. That is 

%=1.25, B,=0.25 for V=O0(mv) 

a, =90.75, B,=3.20 for V=—10(mV) 

a, =0.25, B,=3.50 for V=—30(mvV). 



%, and f,, fitting to the experimental values are repre- 
sented by the following equations by the method of the 
least squares 

06(— | 

a? es ¥ (14) 

PY 10 
3.5 

exp os seal 

Here, x, and f,, are represented by (ms) ' and V by mV 

respectively. The solid line in Figure 3 are plotted from 
(14) and (15). 

Formularization of the Rate Constants of Velocity, « 
and £,, 

m 

In order to express a,, and f#,, as the functions of 

clamped voltage, the maximum values of the rate 

constant of velocity at the rising phase, which were 
calculated from the conductance characteristic of post- 

synaptic membrane and were matched to 1/t,, and m,, 

were derived from (13), and Figure 4 was obtained by 

representing 1/t,, values above obtained as the function 

of clamped voltage. 

a,, and f,, were determined by applying (8) and (9) to 

these values. Figure 5 shows the relations between «,, 
and f,,,, and the clamped voltage. The relations between 
a, and f,,,and the clamped voltage are similar to those 

between «, and f,, and the clamped voltage. Examining 
the practical numerical values, the former is of the order 

of fifth of the latter, that is 

ow, =0.18, B,,=0.40 at V=OmvV 

fe —0.00, 6, =0.25 at V=—10mV 

w,=—0.70, B,,=0.09 at V=—30mvV. 

a, and f,, fitting to the experimental values are 

represented by the following equations, 

Ou] 

om exp(v + 5/5) +1’ 
ae 0.2(— v— 15/10) . (17) 

exp(—v—15/10)—1 

Here, «,, and f,,, are represented by (ms) © 1and V bymV 

respectively. The solid lines shown in Figure 5 are 

plotted by (16) and (17). 

(16) 

Voltage Clamped Postsynaptic Current 

The approximation of the conductance change in the 

postsynaptic membrane is found to be feasible by 

assuming the existence of two operators. 
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Fig. 3. Relation between «, and f, and clamp voltage Vc. «, and f, are 
calculated according to (14) and (15) respectively 
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Fig. 4. Relation between time constant t,, and clamp voltage Vc. e is 

experimental data 
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Fig. 5. Relation between a,, and f,, and clamp voltage Vc. Solid line 

shows «,, and B,, calculated according to (16) and (17) respectively 
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Fig. 6. Time dependent characteristics of conductance in clamp 

voltage between + 32 and— 160mV 

End plate current under voltage clamp 

Fig. 7. Characteristics of calculated end plate current in clamp voltage 

between + 32 and—161mV 

Now, it would be necessary to verify if these 

equations described above could exactly express the 

current of voltage clamped postsynaptic membrane. 

The conductance of voltage clamped membrane 

may be regarded as that under the conditions of dv/dt 

=O) here @, p,, andic,,, fpate constant, Lhescon- 

ductance was derived by using (1)-(3), and (14)—(17), 

and the results are shown in Figure 6. Here, g 

takes the value of 0.37 x 107° (@) which was derived 

from the experimental data. The symbol of (@) repre- 

sents the experimental data of conductance change 

which are given at the fixed voltages respectively, and 
the solid lines represent the theoretical values derived 

from such equations as described in this paper. The 

membrane current is derived from the product of value 

Cu 

Fig. 8. Equivalent circuit of postsynaptic membrance at end plate 
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Ay 
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ti msec) 

Fig. 9. Calculated postsynaptic potential at end plate 

by (1) and V, the clamped voltage; 

l=g9:V 

=gmehV. (18) 

Figures 6 and 7 show the conductance, and postsynap- 

tic current characteristics were calculated respectively 
for the comparison on various clamped voltages 

derived from the above equations with experimental 

data of Magleby and others. There are good approxi- 

mations, but there is some slight difference that the 

theoretical characteristics have earlier peak of current 

when the voltage is hyperpolarized. It seems to be 

caused by the large value of rising velocity of active 

operator and that of decay velocity of inactive operator. 



Postsynaptic Potential 

The electrical action of postsynaptic membrane may be 

represented by such an equivalent circuit as shown in 

Figure 8. For simplicity the equilibrium potential of the 
transmitter control channels is taken as zero taking 

only the displacement of the conductance into con- 
sideration. Postsynaptic current is the sum of the 

current for charging up the membrane capacitance and 

that flowing through the membrane conductance par- 

allelled with the membrane capacitance. The current 
flowing through the membrane conductance depends 

upon the voltage and the conductance of the mem- 

brane. Therefore, the total current is the sum of the 

current determined by the product of the conductance 

and the potential and that charging the membrane 

capacitance. Representing the former as Ig and the 

latter as Ic, the total current J can be represented by 
the following equations ; 

I=Ig+Ic+i 
dv 

ih 19 ae (19) 

Here, i represents the effect of transmitter caused when 
the transmitter attaches to the receptive site of external 

surface of the postsynaptic membrane. Figure 9 shows 

the solution of (19) by applying (1)—(3) and (12) and 

(13). There is a good coincidence with the result of the 
experimental data of postsynaptic potential for frog 

sartorius muscle. 

=gm*hV+c 

Conclusion 

From the physiological data in postsynaptic potentials, 

its mathematical model was constructed by use of both 

operators such as active and inactive. It was assumed 

129 

that the controllability of ions channel was governed by 
these operators. 

That is, conductance of postsynaptic membrane 

was governed by the change of them. 

When it was assumed in electronic computer 

simulation that the postsynaptic membrane was stimu- 
lated by transmitter, postsynaptic potential was gene- 
rated by the model. 

The comparison between postsynaptic potential by 

the model and the biological data showed good coinci- 
dence in them. 
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Abstract. A night sleep polygraphic recording was 

coded by 20s epochs, taking into account the re- 

cognizible features, summarized into 24 variables. In 

a 24 dimension space, the values of these variables 

are the coordinates of a point representative of each 

20s epoch. The coordinates of these points are given 

by a 24 column data table to which a factor analysis 

is applied in order to provide a bidimensional re- 

presentation of the electrophysiological phenomena’s 

evolution in time. Such a representation of the possible 

combinations of variables illustrates the structure of 
sleep without any biased ideas about this structure. The 
results obtained make it possible to consider the 

classical division of sleep into cycles and _ stages. 

Sleep seems to evolve continuously in time between 

a certain number of typical combinations, which 

supports the concept of cycle, but never following 

the same evolution between these combinations, 

which questions the reality of stages and their similarity 

from one cycle to the other. 

The method described seems to reflect more ac- 

curately than the classical hypnogram the phenomena 

of continuous modulation of nervous activity during 

sleep, and to open interesting possibilities for an 

analytical automatic treatment of sleep electrophysi- 

ological signals. 

Introduction 

The visual scoring of a polygraphic sleep record 

requires the analysis, by the human brain, of a large 

number of electrophysiological signals which are 

both simultaneous and diverse in nature, comprising 

the electroencephalogram (EEG), electrooculogram 

* Supported by Grant CRAM Paris No. 1871973 and by Interna- 

tional Contract between Consiglio Nazionale delle Ricerche and 

C.N.RS. 

(EOG), electromyogram (EMG), and_ respiratory 
rhythm (R). 

This usually results in the breaking-down of 

sleep into “stages”, that is to say, categories supposed 

to be homogeneous as regards the combinations of 

variables which constitute them, and as regards the 

psychophysiological states which these combinations 

define. This breaking-down leads, on the one hand, 
to the representation of sleep in the form of a hypno- 
gram, on the other hand to quantifications in per- 

centages of total sleep time occupied by the different 
stages. 

The heuristic value of such a procedure is quite 

obvious, since it permits, in a relatively economic 

manner, a high degree of data reduction to be attained. 

But it is equally evident that the decision to classify 

such or such an electrophysiological configuration 

in a given stage is, whatever the classification accepted 

(Loomis et al., 1937; Dement and Kleitman, 1957), 

whatever the text book taken as reference (Rechtschaf- 

fen and Kales, 1968) or whatever the experience of 

the electrophysiologist, tainted with subjectivity or 

even arbitrariness. 

It can schematically be said that human sub- 

jectivity intervenes at two levels: 

a) During the reading of the record, in the evalua- 

tion of the signals (frequency, relative amplitude, 

waveform, topography, rhythmic organisation, etc.). 

Automatic programmes for signal analysis and pattern 

recognition will in the future eliminate this possible 

source of error. 
b) During the treatment of this varied information, 

in overrating certain signals and minimizing others 

to validate the diagnosis of a particular stage. 

The aim of the present work is to attempt to remove 

the human subjectivity in the treatment of the informa- 

tion [level b)], by applying a programme of multi- 

dimensional data analysis, a domain where the com- 

puter works more systematically than the human 
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Fig. la and b. Two modes of graphic representation of the visually analysed data. a Distribution of the variables in time: For the firsts 16 

variables (from top to bottom), value | is represented by a vertical line covering the 20s epochs where it occurs, or by a point (variable TB). 

For variable T, complete atonia (T9) is represented by the horizontal baseline; very feeble activity (T,) by hatchings; feeble, average and maxi- 

mum activity (T,, T,, T4) by vertical lines of increasing height. For variable R, regular and irregular respiratory rate (RR, IR) are represented 

by vertical lines situated respectively above and below the baseline. One can note that the cyclic organization of sleep is mainly observable 

by the evolution in time of those EEG variables which define the continuous background activity (CA to D,). b Hypnogram: Abscissa: time 

in hours, ordinate: stages of sleep as defined by classical criteria, W= waking; I, II, Ill, 1V=Stages I to 1V of NREM sleep, IP = Intermediate 

phases represented by white squares, REM=REM sleep, represented by solid blocks. Under the abscissa are marked the temporal limits 

of the three analyses performed (slight overlapping between the first and second analyses) 

brain. The part of subjectivity defined at level a) is 

not avoided, since this programme treats visually 

detected elementary signals. Nevertheless, the tech- 
nique applied here seems to lead to interesting openings 

in the study of both the instantaneous and the se- 

quential organisation of electrophysiological sleep 

patterns: inasmuch as it makes it possible to break 

from the a priori classification of sleep into stages, 
and to investigate whether the successive combina- 

tions of primary signals organize themselves into 

more or less stable or stationary structures, which in 

turn could define stages or validate a posteriori an 
already established classification. 

Materials and Methods 

Source of Data and Selection of Variables 

The work presented here is concerned with the analysis of the first 

three cycles in the all night sleep of a normal four-year-old child. 

This particular sleep recording was chosen because of its classic 

cyclic structure, evident from visual analysis and from hypnogram 
representation (cf. Fig. 1b). 



The paper recording, run at 15 mm/s, consisted of 16 channels: 
12 EEG (time constant 0.3 s, 9 monopolar, 3 bipolar). 
2 EOG (time constant 6s, vertical and horizontal eye move- 

ments—E.M.—). 

1 respiration (time constant 0.1 s). 

1 EMG (time constant 0.1 s). 

The visual analysis was carried out in 20s epochs, each being 
one page of the recording. 

For each of these epochs, the presence or absence—coded 1 or 0 
respectively—of the following features was noted!: 
Continuous occipital alpha CA Vertex spikes VS 
Discontinuous alpha DA Occipital spikes OS 
Continuous theta Cr Rolandic spikes-right RSR 
Diffuse theta DT Rolandic spikes-left RSL 
Theta bursts TB Slow eye movements SM 
Delta bursts DB Rapid eye movements RM 

Spindles SE Twitches TW 
K complexes KC 

The presence of delta rhythms was coded at two levels, ac- 

cording to increasing abundance, amplitude and diffusion: 

Delta 1 D, Delta 2 D, 

The electromyographic activity, recorded from the chin, was 

coded according to the amplitude, at five levels: 

Complete atonia T, Average activity T, 

Very feeble activity T, Maximum activity T, 

Feeble activity Wy 

The respiration was coded as either regular RR or irregular IR. 

We have been able to define a vector of which each of the 
24 coordinates is of value 0 or 1, and which indicates the electro- 

physiological state of the sleeper during the 20s of one page. If a 

time reference, which will be the number, in order, of the epoch is 

added, we can reduce 60 min of sleep to a table consisting of 180 

rows and 25 columns. ' 

To illustrate the three cycles of sleep studied here, we have used: 

first the graphical presentation proposed by Salzarulo et al. 

(1975) of the simultaneous evolution with time of the above men- 

tioned variables (Fig. 1a); 

second, the hypnogram, drawn on the same time scale, with 

the criteria currently in use in our laboratory (Fig. 1b); this includes 

the four classical stages of NREM sleep (non rapid eye movement 

sleep, or slow sleep, or orthodox sleep), REM sleep (rapid eye 

movement sleep, or rapid sleep, or paradoxical sleep), and also the 

intermediate phases (IP) as defined by Lairy et al. (1968). The 

hypnogram was based not on the tables of detailed variables which 

served for Figure la, but on looking again at the record itself to 

determine, in a more holistic way, the beginnings and ends of the 

different “stages”. 
The hypnogram gives a very reduced representation of the 

phenomena. The comparison of the two graphs shows some gross 

correspondances between, for instance, D,-D, and Stage IV, 

T,-RM and REM sleep. It also shows clearly that what is recognized 

as one and the same “stage” on the hypnogram is not always charac- 

terized by the same variables. Figure 1a enables us to read the si- 

multaneous evolution with time of the variables more clearly than 

from the tables of 0, and 1, supplied to the computer; however, to 

determine the significant groupings of variables, their redundancy 

from one cycle to another, etc., makes statistical treatment necessary. 

Mathematical Methods 

The mathematical method used, the analysis of correspondences 

proposed by Benzecri et al. (1973) has been successfully applied to 

a large number of cases in which the data were in analogue form. 

In common with all factorial analysis methods, it seeks, in a 24 

dimensional space, the successive axes with respect to which the 

1 or definitions see Storm van Leeuwen et al. (1966) and 

Rechtschaffen and Kales (1968) 
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Fig. 2 a and b. Illustration of the general problem to be solved by 

the factorial analysis. It consists in finding the best approximation 

of a cloud of points by projecting it on a hyperplane whose dimen- 

sion is inferior to that of initial space. In the case of this figure, 

a, the hyperplane is just a straight line. The projection of the cloud 

on the axis on which it is as little distorded as possible provides an 

approximate representation of the initial data, b. This representa- 

tion facilitates the study of the structure of a cloud, with the draw- 

back of loss of information 

inertia of the cloud of points will be at a minimum Le. the variance 

will be at a maximum. The following example (Fig. 2) should help 

to explain the idea underlying the mathematical theory: let there 

be a plane, with two cartesian axes Ox and Oy, in which is a cloud 

of points. The information attached to each point is the knowledge 

of its position in the plane, 1.e. its two coordinates with respect to 

the axes Ox, Oy. In the diagram, it can be seen that the total informa- 

tion attached to the cloud is more or less equally shared between 

the two axes. However with the axes Ox’, Oy’ almost all the informa- 

tion is contained in the Ox’ coordinates. This can be seen by pro- 

jecting the cloud onto the axis; the projected cloud differs only 

slightly from the original. It can be said that the percentage of the 

variance with respect to Ox’ is greater than that to Oy’. In re- 

presenting the cloud by its projection on Ox’ (1 dimensional), we 

have achieved a reduction of data, since now only one parameter is 

necessary for the definition of each point, whereas originally two 

were needed. The loss of information is minimal when the inertia 

of the cloud with respect to the axis of projection is at a minimum— 

the ideal situation is obviously that where the cloud of points is 

purely linear along the axis Ox’; its inertia with respect to this 

axis would then be zero. In the general case where there are more 

than two dimensions the axis of minimal inertia is called the Ist 

factor, the following orthogonal axis the 2nd factor, ete. 

The plane formed by the Ist and 2nd factors serves as the main 

plane of projection and the cloud represented in it has a minimal 

loss of information. It is primarily this representation which interests 

us here. 
The particular merit of the factor analysis of correspondances 

is its y7 metric and the possibility which it offers to represent in the 

same graph the items (the 20s sleep epochs), and the characters (the 

24 variables defined above). In effect, in this analysis the items and 

characters play symmetrical roles. 

The graphs can be interpreted: 

from the point of view of the items, in looking for their geo- 

graphical groupings; items having similar characteristics are close 
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Fig. 3. Graphic results of the first analysis (first cycle). First graph, top left: zones of the whole cycle within the boomerang-shaped envelope, 

last graph, bottom right: respective positions of the variables graphs al to a8: successive zones or clouds of points during the cycle. The vari- 

ables whose value unquestionably influences the position of points in the plane of projection are the following, in order of decreasing im- 

portance: T,, CA, D,, RM, D,,SM, CT, RR, IR, OS, T3, SP, DT. Variables DA, TB, DB, KC, VS, RSR, RSL, TW, To, T2, 14, remain out of 

the list ; this explains that points characterized by primary and secondary variables which are different but of weak or null influence can group 

themselves in similar zones (cf. a2 and a6), and these zones thus are of little significance. Other zones, on the contrary, characterized by “strong” 

variables have a high significance (cf. al, a3, a5, a8). The zone drawn on aS includes two zones grouped together because of their temporal 

and spatial closeness 

to each other in the graph. We shall try to find which values of the 

variables are typical of the groups shown; 

from the point of view of the characters; those with strong 

correlations appear near to each other on the graph. The most 

significant points are situated on the convex face of the envelope 

of the cloud; 

lastly, the simultaneous representation of the items and 

characters allow qualitative interpretation of the position of the 

items, with respect to the characters which define them. By this 

statistical method, an item will appear on the map at the center of 

gravity of the characters, the masses of which are their conditional 
frequencies. 

Treatment-Results 

Separate analysis was carried out for three sets of the 

initial data, corresponding approximately to the first 

three cycles of all night sleep. Our first aim being to 

test: the performance of the method, the three sets 

treated were relatively short: 88, 120, and 99 min 

respectively, i.e. 264, 360, and 297 items; however, 

each of these sets covered a whole cycle of sleep, 

i.e. an NREM phase plus an REM phase, which thus 
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Fig. 4. Graphic results of the second analysis (second cycle). See legend Figure 3. The variables whose value unquestionably influences the posi- 

tion of points in the plane of projection are the following, in order of decreasing importance: D,, DT, Tp, SM RM, DA, T,, T3, RR, SP, KC. 

Variables CA, CT, TB, DB, VS, OS, TSR, RSL, TW, D3, T,, T4, IR, remain out of the list. The zone drawn on b4 includes two zones grouped 

together because of their temporal and spatial closeness 

permited comparison of the three cycles with each 

other. 
Each analysis gives, in the plane of the two first 

factors, a point for each original 20s sequence; these 

together constitute the cycle. 
To make clearer the presentation, as well as to 

illustrate the interesting phenomena, each cycle has 
been divided into shorter sequences, in which the 

representative points lie within a well defined zone 

(Figs. 3—5). 
The first graph of each series shows the various 

zones of the whole cycle. In the following graphs, the 

contour of a zone is drawn whenever the period 

described in a certain graph has also served to define 

the particular zone. One can thus meticulously 

follow the course of the successive sequences and 

observe a reasonably continuous evolution of the 

representative points. The final graph of the series 

gives the respective positions of the variables. 

The duration of each period is noted by the side 

of the corresponding graph. The chronological order 

of the periods has been respected in the figures, which 

must be read from left to right and from top to bottom. 

For each zone, we call “primary variables” those 
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Fig. 5. Graphic results of the third analysis (third cycle). See legend Figure 3. The variables whose value unquestionably influences the posi- 

tion of points in the plane of projection are the following, in order of decreasing importance: D,, DT, Tp, SM, RM, IR, RR, T,, T3, SP, KC, 

DA. Variables CA, CT, TB, DB, VS, OS, RSR, RSL, TW, D,, T,, T4, remain out of the list 

which have the value 1 for all the points in the zone, 
ic. they characterize the corresponding period of 

sleep. These variables are noted in large letters by 

each graph. However, those variables having the 

value 1 for certain of the points only, are named 

“secondary variables”; they explain the different 

positions of the points inside each zone and indicate 
the electrophysiological fluctuations during the period 

in question. These are noted in smaller letters under 

the primary variables. 

Further, the primary and the secondary variables 

explaining the passage from one zone to another are 

underlined. 

General Results 

The decrease of the eigen values is satisfactory in the 

three analyses. This means that the percentage of 

the variance explained by the successive factors 

decreases regularly. The order of importance of the 

factors proves to be well determined and there is no 

chance that a slight modification of the data would 
change the representation plane as would be the case 

if the 2nd and 3rd factors, for example, explained 

percentages equal or close to the variance. The per- 

centages of the variance explained by the two first 
factors are respectively 28%, 31%, and 26%. 



It should be noted that the enveloping curve of 
the representative points takes, for each cycle, the 
shape of a boomerang. This form depends on the 
method of analysis employed, and is generally known 
as the “Guttmann effect”. 

Characters (Variables) ; Comparison of the Structures 
of the Three Cycles 

Looking at the last graph (bottom right) of Figures 
3—5, obvious differences in structure of the three 
cycles appear, due to: 

Differences in the factors. In other words, the vari- 

ables which explain the position of the representative 
point in the projection plane are not the same from 

one cycle to the other. However, a closer resemblance 

between the 2nd and the 3rd cycles than between the 
1st and 2nd cycles should be noted. 

Changes in the relative positions of most of the 
variables. 

However, aside from these differences, it can be 

noticed that there exist general groupings common to 

all three cycles: in the upper zone, the grouping 

(TW, RM, SM, IR), in the lower zone the grouping 

(D,,D,, DT, RR) and in the middle zone, the grouping 

(SP, KC, DB, CT, TB); in this latter zone, the proximity 

of SP and KC is noticeable for every cycle. This 

enables a common significance to be given to certain 
phenomena visible in the different figures. 

Items (Sequences) ; Evolution with Time 

The successive periods of sleep, represented by the 

successive graphs, al to a8, bl to b10, cl to c8 in 
Figures 3—5, show a pattern consisting of a descent 

towards the lowest zone followed by an ascent to 

the upper zone; the final period in the upper part of 

the boomerang is particularly long for cycles 2 and 3. 
The extreme zones correspond reasonably well 

from one cycle to the next. The upper zones are 

characterized, for the second and third cycles, by 

the combination of the variables TW, RM, SM, To, IR; 

the first cycle differs from the two others in, essentially, 

the EMG and the continuous alpha rhythm. 
The lower zones are characterized, for the three 

cycles, by the combination RR, D,, D,. However, 

the identification of these zones can only be partial, 

because of the differences in EMG and in several 

secondary variables. 
No identification is possible for the medial zones; 

moreover, the number of these zones is not consistent, 

and the combinations of the variables change from 

one cycle to another. The studied phenomena are 

thus heterogeneous, and present new combinations 

for each cycle. 
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Table 1 

Graph Duration Stage Primary variables 
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c3 17 IV Diet, RR 

c4 5 ot Cia Tiga RR 

c5 11 I Ci ew RR: 

c6 3 II (CM Wey lle 
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Comparison with the Visual Analysis 

In all 3 figures, the same descending-ascending 

evolution of the representative points can be observed 

and compared to the ascending-descending slopes of 

the cycle as shown in the hypnogram. 

More precise comparison of the figures representing 

the three cycles with the corresponding parts of the 

hypnogram indicates that Stages IV and REM only 

correspond in a very coherent way to the extreme 
zones of the boomerang (the highest and lowest 

respectively). Stage I, however, does not occur often 
enough to give its own particular zone. Stages II and 

III, and the IPs are dispersed among the medial 

zones without there being any clear correspondence 
between zone and stage. Also, changes of zones occur 

without there being a change of stage, and vice-versa. 

The third cycle for example, presents the two situa- 

tions, the comparison of which is given in Table 1. 
It is the modifications in the EMG and the respira- 

tion which are the primary cause of the diversity of 
the zones classed Stage II in the middle and at the end 
of the cycle. The presence of eye movements in the 

graphs c4 and c6 only further this heterogeneity of 

the stage classed II. 

Discussion 

Data Collection and Processing 

Several points can be critized concerning our method. 

As we stressed at the beginning of this paper, we 

have not managed to avoid all subjective errors 
since the data are visually collected. Although very 

detailed and painstaking, the method of visual collec- 

tion, of electrophysiological signals leaves out a 

large number of parameters such as the amplitudes 

of alpha and theta rhythms, the frequencies within 
the alpha, theta, delta ranges, etc. 

Coding in a finite number of modalities contributes 

to render discrete the evolution with time of the 
representative points on the graphs. Thus, the passage 
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from one zone to another can be explained as the 

passage from one modality to another. 
It is likely that a more accurate way of data 

quantification would give a more continuous evolu- 

tion of the points. 
Also, the choice of the duration of the elementary 

epochs, fixed at 20s, has two consequences: first, the 

observed phenomena, i.e. the formation of the zones, 
are necessarily of much greater length than that of 
one elementary epoch; in other words, a “microstage” 

would pass unnoticed; for example, in graphs b6 and 

b7, an isolated point exists outside the zone. It is 

interesting to speculate as to what grouping would 

replace the two points if the elementary epochs had 

been shorter; 

second, the transitory electrophysiological signals, 

called “phasic” sleep phenomena (such as RM, SM, 
SP, KC...), whose actual duration in an elementary 

epoch is much less than 20s, are given the same value 

as continuous “tonic” phenomena covering the 20s 
of an epoch. 

Finally, the statistical method used gives unequal 
weight to items and characters: an item gets the more 

weight as the combination which represents it is 

rich in 1,; a character gets the more weight as the 
number of items of value 1 for this character is high. 

An improvement of the method, at the price of in- 
creased computing time, would consist in doubling 

the 0 and 1 Table (T) with its complementary Table 
in 1 and 0(7) and to build the double Table 

Whatever its insufficiencies, the method used treats 

all the raw information gathered by the human eye 

in a more precise manner than the eye does, and 

consequently enables us to compare visual and 

automatic treatments. 

Results 

Two important points must be recalled: 
First, the zones drawn on the graphs of Figures 

3—5 were not obtained through computation, but 

only represent a convenient way to summarize the 
temporal evolution of the phenomena. 

Second, as already stated, the principal planes 

defined for the three analyses only explain respectively 

28%, 30%, and 26% of the variance. Taking into 

account the number of initial variables, these results 

will not surprise those who are familiar with the 
methods of factor analysis; however, one must con- 

sider the 70% of unexplained variance and examine 

the factors found by statistical analysis beyond the 

two first factors. Taking the 3rd cycle as an example, 

the third factor is almost confused with variable D, 

and explains 9.2% of the variance; the fourth factor 

is confused with T, and explains 7.4% of the variance; 

the fifth factor is confused with PVR and explains 

7.3% of the variance. Thus, five factors are necessary 

to explain 50% of the variance, and thirteen to ex- 

plain 90%. 
As a matter of fact, the information provided by 

the knowledge of these variables is not completely 

lost in the projection on the plane of the two first 

factors. Their variations lead to fluctuations of the 
representative point within a given zone. A close 

confrontation of the graphs with the initial data can 
help in the interpretation of these phenomena; this 
is the reason why we have represented inside each zone, 
the primary and secondary variables, as a reminder 

of the initial data. 
Let us now see how the results obtained fit with 

the classical notions of sleep cycles and sleep stages. 

1. The reality of sleep cycles is strongly supported 

by the statistical analysis performed here. But it is 

also clear that the successive cycles of a given night’s 
sleep are not strictly equivalent to each other. Thus, 

although there is a periodicity in alternating NREM 

and REM phases, the process of alternation is not 

as regular as was first assumed (Aserinsky and Kleit- 
man, 1953). 

2. The definition of sleep stages needs to be 

specified. If one accepts that a “stage” implies a 
relatively stationary combination of primary signals 

over a certain period of-time, then each zone, as 

defined above, could be considered as representing 
a stage. 

One must then recall that: 

i) The number of zones drawn on Figures 3—5 is 
superior to the number of stages classically recognized ; 

ii) The stationary combinations which define the 

zones vary from one cycle to the other. It is most 

likely that another night sleep record of the same 

subject, or the night sleep record of another subject, 
would have provided stationary combinations dif- 
ferent from those obtained here; 

iii) the dispersion of these stationary combina- 
tions, due to the secondary variables, and the shifts 
from one to the other, lead to a relatively continuous 
representation of the phenomena, contrary to the 
classification into stages which is, by definition, 

discontinuous, as expressed by the horizontal and 
vertical lines on the hypnogram. A continuous 
representation is reminiscent of the one attained by 
Dirlich et al. (1973) by quite different mathematical 
procedures. It is also in agreement with the neuro- 
physiological evidences of a continuous modulation 



of neuronal activity of pontine units all over the 
sleep cycle as shown by McCarley and Hobson 
(1975). In any case a continuous representation of 
sleep cycles solves the difficulty, familiar to all electro- 
physiologists, of the criteria of stages and of their 
limits. An example is provided by the intermediate 
phases as shown on graphs a3 (Fig. 3), c4, and c6 

(Fig. 5) where zones identical to the ones of REM 
sleep appear within NREM sleep, virtually as if REM 
were present during some phases of NREM sleep. 

Incidentally, one can note that the statistical method 
used here seems to be more accurate than visual 

analysis in identifying the intermediate phases. These 
remarks suggest that sleep should be considered as a 

most complex phenomenon, whose electrophysiologi- 
cal signals evolve continuously with time between a 
certain number of typical combinations through 
modalities which are never exactly the same. 

Perspectives 

The research presented here could be developped in 

two opposite ways. 

1. One should consist in finding the same factors for 
all cycles of the all-night sleep record. This would 

allow a better comparison of the different cycles 
with each other since they would be represented on 

the same plane of projection. Of course, this would 

involve the drawback of a loss of precision for each 
individual cycle since the common plane of projec- 

tion, optimal for all cycles taken together, would not 
be optimal for each cycle taken individually. 

At a later stage one could foresee realizing an 

analysis (either cycle by cycle or considering the whole 

night record) on several records of the same subject 

or even of different subjects, in such a way as to 
establish whether a universal plane of projection 
exists despite the intra and inter-individual variability. 
If such a plane exists, one would only need to project 

the data on it to obtain a bidimensional description 

of sleep. The mathematical operation would then be 
simple and would be performed by a relatively simple 

and inexpensive programme. But the existence of 
such a plane, common to every type of sleep, is most 

_-questionable. 
2. The other way to develop the method would be, 

on the contrary, to treat more variables and more 

precisely defined ones. The method tested here 

constitutes a first step towards the processing of 

sleep electrophysiological signals, freed from both 

human subjectivity and the a priori classification 

into stages. A further step, the collection of primary 

data by sophisticated automatic procedures, will 
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permit multiplication of the number of signal param- 

eters and of combinations of primary variables, and 

description of the temporal organization of the 

successive sleep cycles in conformity not with a model 

but with the physiological reality. If this step can be 
reached, it will fulfil Jeannerod’s (1975) wish “Neuronal 

data are” (at present) ... “poorly related with paradoxi- 

cal sleep and slow sleep considered as ‘states’. A first 

methodological step to reconcile neuronal data with 

sleep would be to break the states into as many 

subroutines as possible. Such a reductionistic attitude 
... May ‘compatibilize’ sleep phenomena with discrete 
neuronal changes ... This will offer an opportunity to 

reconstruct a new conceptual frame... on a purely 

physiological basis.” 

References 

Aserinsky,E., Kleitman,N.: Regularly occurring periods of eye 

motility and concomittant phenomena during sleep. Science 118, 

273—274 (1953) 

Benzecri,J.P.: L’analyse des données. Paris: Dunod 1973 

Dirlich, G., Friedrich-Freksa, C., Schulz, H.: A time-dependent model 

of the sleep EEG. In: Koella, W.P., Levin, P. (Eds): Sleep. Basel: 

Karger 1973 

Jeannerod, M.: Changes in neuronal activity during sleep. Relevance 
to the sleep-center theory. In: Lairy,G.C., Salzarulo, P. (Eds.): 

The experimental study of human sleep: methodological problems. 

Amsterdam: Elsevier 1975 

Lairy,G.C., Goldsteinas, L., Gennoc, A.: “Phases intermédiaires” du 

sommeil de nuit des malades mentaux. In: Wertheimer, P. (Ed.): 

Réve et conscience. Paris: P.U.F. 1968 

Loomis, A.L., Harvey,E.N., Hobart,G.: Cerebral states during 

sleep as studied by human brain potentials. J. exp. physiol. 21, 

127—144 (1937) 
Me Carley,R.W., Hobson,J.A.: Neuronal excitability modulation 

over the sleep cycle: a structural and mathematical model. 

Science 189, 58—60 (1975) 

Rechtschaffen, A., Kales, A.: A manual of standardized terminology, 

techniques and scoring system for sleep stages of human subjects. 

Washington: Public Health Serv., U.S. Gover. Print Off. 1968 

Salzarulo, P., Pelloni,G., Lairy,G.C.: Semeiologie electrophysiolo- 

gique du sommeil de jour chez lenfant de 7 a 9 ans. Electro- 

enceph. clin. Neurophysiol. 38, 473—494 (1975) 
Storm van Leeuwen,W., Bickford,R., Brazier,M., Cobb,W.A., 

Dondey, M., Gastaut,H., Gloor, P., Henry,C.E., Hess,R., Knott, 

J.R., Kugler, J., Lairy,G.C., Loeb,C., Magnus, O., Oller-Daurella, 

L., Petsche,H., Schwab,R., Walter,W.G., Widen,L.: Proposal 

for an EEG terminology by the Terminology Comitee of the 

International Federation for Electroencephalography and Clinical 

Neurophysiology. Electroenceph. clin. Neurophysiol. 20, 

306—310 (1966) 

Received: September 27, 1976 

D. Burger 

H6pital Henri Rousselle 

1, rue Cabanis 

F-75674 Paris/Cedex 14, France 





Biol. Cybernetics 26, 141—150 (1977) Biological 
Cybernetics 
© by Springer-Verlag 1977 

Modelluntersuchung zur Priifung der Wertigkeit dynamischer Testverfahren fiir die 
Herz-Kreislauf-Regulation unter Verwendung determinierter Signale 

K. Balla 

Carl-Ludwig-Institut fiir Physiologie der Karl-Marx-Universitat Leipzig (Direktor: Prof. Dr. sc. med. H. Drischel), DDR 

Model Considerations for the Evaluation of Dynamic 

Test Methods of Cardiovascular Control Founded on 

Determinist Signals 

Abstract. The clinical examination of the cardiovas- 

cular systems efficiency based on methods of control 

theory demands favourable input signals and suitable 

response characteristics. In this paper by means of 

modelling it was intended to find aspects, which should 

allow to evaluate several test methods with regard to 

their correspondence to specific claims. A control 

model used for this purpose represents the baroceptor 
control of systemic arterial pressure by physical work- 

load. Its alterations were considered in step, stair, ramp, 

and sinusoidal form. According to a judgement foun- 

ded on theoretical and practical aspects, the aperiodic 

input changes prove to be advantageous. Especially the 

ramp test function seems to be suitable for selection of 

output components issuing from physical and mental 

parts of work-load. 

1. Einleitung 

Uber die Wahl des Testsignals 

Deterministische Testsignale, welche zur Untersuchung 

des Leistungsvermégens des Herz-Kreislauf-Systems 

iiblicherweise verwendet werden, k6nnen periodisch 

oder aperiodisch sein (Wigertz, 1970; Tiedt u. Mitarb., 
1972, 1975; Karlsson u. Wigertz, 1971). Eine solche 

Einteilung ist bedeutungsvoll, weil gerade nach der 

dabei zugrunde gelegten Eigenschaft eine scharfe 

Trennlinie zwischen verschiedenen miteinander kon- 

kurrierenden Moglichkeiten sowohl in den theoreti- 

schen Methoden der Systemanalyse als auch in der 

praktischen Erzeugung der Testsignale und der Aus- 

wertung der Systemantworten verlauft. Die Wahl der 

einen oder der anderen MOglichkeit mu sich aus der 

Suche nach dem zweckmaBigsten Weg ergeben, der bei 
einem konkreten Problem zum Ziele fiihrt. Dies wiirde 

bedeuten, daf} man einfache Testsignale verwendet, die 

eine wohldefinierte, gut erkennbare und quantitativ 
leicht auswertbare Auswirkung der Systemeigenschaf- 

ten auf die Antwortfunktion erméglichen. 

Nach diesen Gesichtspunkten scheinen die aperio- 

dischen Testsignale im Vorteil zu sein, die ja die 

Information tiber die Systemeigenschaften schon in der 
transienten Phase der Antwort auf die oben geforderte 

Art zum Ausdruck bringen. 

Im Gegensatz zur theoretisch-analytischen Unter- 

suchung, bei denen man mit idealisierten Verhaltnissen 

zu tun hat, ist bei der Deutung experimenteller Untersu- 
chungen eine hinreichend gute mathematische Appro- 

ximation der physikalischen Gegebenheiten eine 

grundlegende Voraussetzung. In diesem Sinne sind 
solche Testsignale zu bevorzugen, deren mathemati- 

sches Vorbild zum mindestens beziiglich des Funk- 

tionswertes keine Unstetigkeiten aufweist. Dies ist bei 

der meist bevorzugten Sprungfunktion nicht der Fall. 

Der Anwender solcher Methoden hat nicht immer das 

notwendige Gefiihl zu entscheiden, ob die fiir sprung- 
formig gehaltene Anderung in der Tat noch als eine 

solche angesehen werden kann. Strenggenommen ist 

eine solche Entscheidung an Fakten gebunden, die 

objektiv und im voraus unbekannt sind. Deshalb ist es 
berechtigt, sich von vornherein auf eine wohldefinierte 

stetige Anderung zu orientieren, die physikalisch reali- 

sierbar ist. 
Die einfachste aperiodische Zeitfunktion, die einer 

solchen Forderung geniigt, ist der lineare Anstieg 

(Rampenfunktion), die bei einem Zeitpunkt t)=0 

beginnt 

Op itis asssin 
& Pde: (1) 

M0 ia iUGemocst. 
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Abb. 1. Qualitativer Verlauf der Rampenantwort von linearen 

Systemen 2. Ordnung in Abhiangigkeit der Systemeigenschaften 

bzw. die daraus durch Begrenzung entstandene sog. 
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Die Antwort eines Systems auf ein nach diesen 
Funktionen verlaufendes Eingangssignal gestattet 

ebenso seine Charakterisierung, wie dies mit der 

Impuls- bzw. Sprungantwort moglich ist. 
Ein lineares Ubertragungsglied 2. Ordnung wird 

oft als stark vereinfachtes Modell zur Beschreibung 
verschiedener biologischer Phanomene verwendet. 

Die Antwort dieses Ubertragungsgliedes im Falle 

einer stoB- oder sprungformigen Beeinflussung ist 

den Physiologen und den Klinikern wohlbekannt. 
Demnach werden im stabilen Arbeitsbereich zwei 
qualitativ gut abgrenzbare Verhaltensweisen unter- 

schieden: Der periodisch bzw. aperiodisch gedaimpft 
verlaufende Ubergang in den neuen Gleichgewichts- 

zustand (Drischel, 1966). Wird nun diesem Uber- 

tragungsglied ein rampenformiges Eingangssignal 

gemaB (1) zugefiihrt, so werden diese Verhaltens- 

weisen auch aus den hier erhaltenen Antworten 
gut erkennbar. Aus Abb. | kann man erkennen, 

daB die Antwortfunktion nach einer Ubergangsphase 

sich asymptotisch einer Geraden annihert, deren Stei- 
gung mit der des Eingangssignals tibereinstimmt und 
die gegeniiber dem Eingangssignal um einen Betrag 

verzOgert ist. Der Wert dieses Betrages kann unmittel- 

bar als ein MaB fiir das Verzogerungsverhalten benutzt 

werden: Er hangt mit den Zeitkonstanten des Ubertra- 
gungsgliedes definitiv zusammen. Der qualitative Ver- 

lauf der Annaherung der Asymptote durch die Ant- 

wortfunktion erlaubt eine Aussage dariiber, zu wel- 

cher der beiden genannten Kategorien das System 

gehért. Erfolgt die Annaherung von oben, so liegt ein 

aperiodisch gedimpftes, andernfalls ein periodisch 

gedampftes System vor. 

Es bedeutet prinzipiell keine Schwierigkeit, die 

Rampenantwort von haufig auftretenden und erwar- 

teten Systemtypen mit den verschiedensten Parameter- 

konfigurationen zu ermitteln und in Atlanten zusam- 

mengestellt als ein Hilfsmittel fiir die praktische 

Analyse zur Verfiigung zu stellen. Ein ahnliches 

Verfahren wird auch in der Technik anhand der 

Gewichtsfunktionen praktiziert (Werner, 1966). 

2. Theoretisches Kreislaufmodell zum Vergleich der 

Testverfahren 

Die iiber die Himodynamik vorliegenden physikali- 

schen Kenntnisse ermoglichen die Bildung eines theore- 

tischen Modells des Herz-Kreislauf-Systems. Es ist von 

vornherein wohlbekannt, daB dies nur auf der Basis 

einer Homomorphie erfolgen kann. Das im folgenden 

kurz dargelegte Modell zur Untersuchung des Testsi- 

gnalproblems geht in seiner Konzeption auf Grodins 

(1959, 1963) und McAdam (1961) zuriick. Es erfolgt hier 

vornehmlich die Untersuchung im geschlossenen Wir- 

kungskreis der Barorezeptoren-Rtickkopplung. Dieses 

Regelsystem dient als Grundmodell fiir die unterste 

Stufe in der Hierarchie der Herz-Kreislauf-Regulation. 

Bei der hier zu losenden Aufgabe gilt es, die Zustands- 

anderungen dieses Subsystems aus der zu verrichten- 

den physischen Arbeit unter Beriicksichtigung des 

damit verbundenen sympathischen Stimulus abzulei- 
ten. 

2.1. Modell des Subsystems der Eigenregulation 

Fir die folgende Behandlung wird eine Aufteilung des 
betrachteten Regelsystems wie iiblich in Regelstrecke 

und Regler vorgenommen. Die Regelstrecke beinhaltet 

die beiden Herzhalften und den K6rper- bzw. Lungen- 

kreislauf. Hinsichtlich dieser Bestandteile werden fol- 

gende Idealisierungen gemacht: 

1. Die fiir den Bluttransport notwendige Energie 
wird ausschlieBlich durch die aktive Kontraktion der 

Herzkammern geliefert. 

2. Die Fiillung des Herzens erfolgt passiv. 

3. Die Wirkungsweise der beiden Herzhilften ist 
identisch. 

4. Die Vorhdfe werden als Bestandteile der Venen 
angesehen. 

5. KOrper- bzw. Lungenkreislauf werden jeweils in 

drei Abschnitte konzentriert: In einen rein elastischen 

arteriellen bzw. vendsen und einen rein resistiven 
peripheren Abschnitt. 

6. Alle Bestandteile werden mit konstanten kon- 
zentrierten Parametern charakterisiert. 
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Abb. 2. Wirkungsbeziehungen in der Regelstrecke Herz-Ge faBsystem 

Die mit diesen Voraussetzungen durchgefiihrte Mo- 

dellbildung fiihrt zu dem Gleichungssystem 
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as exp(1/FRzCp)— exp(T5/ReCp) 

0, = SrCrP ys F : (5) 

exp(7;/R,C;) 
Pap exp(1/FR,C,) —exp(Ts/RrC1) 

das das dynamische Verhalten der Mittelwerte der 

wesentlichsten Zustandsgr6Ben des Herz-Kreislauf- 

Systems beschreibt. Die Wirkungsbeziehungen werden 
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durch Abb. 2 veranschaulicht. Die 

haben folgende Bedeutung: 
Bezeichnungen 

a) ZustandsgroBen 

P,,;: Druck in K6rperarterie 
P,,,: Druck in Korpervene 

: Druck in Lungenarterie 

: Druck in Lungenvene 

Qz: Herzzeitvolumen, rechts 

Q,: Herzzeitvolumen, links 
Ps Herzirequenz 

Ts: Systolendauer. 

b) Parameter 

K orper-Arterie: 
Korper-Vene: 

Pulm.-Arterie: 

Dehnbarkeiten: 

C2=-) L0iem- mm He 
C,,,= 500,0 cm?/mm Hg 
Cyp>= 3,0 cm*/mm Hg 

Pulm.-Vene: C,,,= 100,0 cm*/mm Hg 
techten, Venttikel:) @,,==.50,0.cm mimi ig 

linker Ventrikel: C,= 20,0 cm?/mm Hg 

Wandspannungen: 

rechter Ventrikel: Sp= 7,0mm Hg 
linker Ventrikel: S;= 50,0 mm Hg. 

Widerstande: 

KorperiA R= fp(Pa) 

Lunge: Rp=0,06 mm Hgcm ? 
rechter Ventrikel: 

linker Ventrikel: 

Rp=0,027 mm Hg cm“ * 
R,=0,0175 mm Hg cm “?. 

Die Werte der Parameter entsprechen den Angaben 

von Milhorn (1966). 

Durch gegenregulatorische Beeinflussung der mit 

den obigen Zustandsgleichungen — beschriebenen 

Regelstrecke des Herz-Kreislauf-Systems  mittels 
Riickfiihrungen, deren Ursprung selbst innerhalb der 

Grenzen dieses Systems liegt, wird auf der untersten 

Ebene eine Autonomie  verwirklicht. Solche 

Beeinflussung erfolgt durch Veranderung § der 

Herzfrequenz und des peripheren K Grperwiderstandes 

in Abhdngigkeit vom arteriellen Blutdruck im 

Korperkreislauf entsprechend den _ Differential- 

gleichungen 

dR 
Trs —* +Rs= fr(Pas) (6) 

dt 

und 

dF 
Tp ae pe ieee) : (7) 

Die Abbildungen 3 u. 4 zeigen die statischen 

Charakteristiken Ry= f,(P,,) bzw. f= f,(P,,). Fur die 
Zeitkonstanten wurden die Werte tp,=5,0s und t, 

=1,0s angenommen. 



0 50 0 50 100 150 200 2 ay are 

Abb. 3. Statische Kennlinie des Reglers fiir die Rtickkopplung 

arterieller Druck-Herzfrequenz (nach McAdam) 
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Abb. 4. Statische Kennlinie des Reglers fiir die Riickkopplung 

arterieller Druck-K 6rperwiderstand (nach McAdam) 

2.2. Beeinflussung des Subsystems der Barorezeptoren- 

Regelung des Blutdrucks durch Arbeitsleistung 

Der Wirkungsmechanismus der st6renden Beeinflus- 

sung des sich im stationéren Zustand befindenden 

autonomen Herz-Kreislauf-Systems wird im Falle einer 
submaximalen physischen Belastung mit aerobem 

Stoffwechsel folgenderweise beriicksichtigt : 

1. Proportional zur geleisteten Arbeit erfolgt ber 

hohere Zentren eine positiv chronotrope Beeinflussung 

der Herztatigkeit. 
2. Entsprechend der Tatsache, das unter den ge- 

nannten Bedingungen zwischen O,-Verbrauch und 

Stoffwechsel eine lineare Beziehung besteht, kann fur 

die Belastung der Sauerstoffbedarf als Bezugsgr6Be 

verwendet werden. Aus ihm werden 
2a) die Senkung des peripheren GefaBwiderstandes 

infolge Dilatation der Wandmuskulatur und 

2b) die Erhéhung des Schlagvolumens durch 

Verinderung der Kontraktilitat unter EinfluB des 

Sympathikus abgeleitet. 
3. Der mit der Verrichtung der Arbeit verbundene 

psychische Effekt wird durch eine voriibergehende 

Erh6hung des Sympathikotonus beriicksichtigt, die 

durch eine mit Beginn der Arbeitstatigkeit sprungartig 

einsetzende nervale Belastung im Interesse der 

Einhaltung der Arbeitsbedingungen ausgelost werden 

konnte. 
Jede dieser Einwirkungen wird fiir die Modellbe- 

trachtung mittels dynamischer Ubertragungsglieder 

quantitativ erfaBt. 

Zu 1. Arbeitsleistung > Herzfrequenz 

k 
F=F,(1+—“*— w, 8 

o| Sep al zB ®) 

F,: Herzfrequenz entsprechend adem unbeeinfluBten 
Eigenverhalten gem. Abbildung 3 

kwr=O000T Ws 
Twr=28Ss. 

Die Erfassung des Ubertragungsverhaltens in dieser 

Form entspricht der Arbeit von Pickering (1969), der 

Wert der Zeitkonstanten ty, der von Luczak u. 

Raschke (1975). Die Konstante ky,,;=AF/F)W,, wurde 
auf Grund der von Schmidt (1973) angegebenen 

MeBergebnisse ermittelt. 

Zu 2. Arbeitsleistung > Sauerstoffbedarf 

ko 

Rian Won > © Oz 

Bo,: Sauerstoffbedarf, ml/s 

W,,: physische Belastung, W 
ko,: 0,275 ml/Ws 

tw: 20S. 

Die Approximation des Verhaltens durch ein 
Verzogerungsglied mit den obigen Parameterwerten 
entspricht den Angaben von Luczak u. Raschke (1975), 
die sich auf Messungen von Stegemann (1971) und 
Grimby u. Mitarb. (1966) beziehen. 

Zu 2a) Sauerstoffbedarf > Schlagvolumen 

Vs= Vso + kws: Bo, > (10) 



Vs) : Schlagvolumen in Ruhe, ml 
Rg 1,235. 

Der Wert von ky, ergibt mit ko, in (9) eine Erhéhung 
des Schlagvolumens von 0,34ml/W (Luczak  u. 
Raschke, 1975). 

Zu 2b) Sauerstoffbedarf — peripherer Widerstand 

Rso 
ss 1+kyp Bo, > (11) 

Ryo : KOrperwiderstand entsprechend dem 
unbeeinfluBten Eigenverhalten gem. Abbildung 4, 
Kwr: 9.005 s/ml. 

Die Festlegung einer umgekehrt proportionalen 

Bewertung zwischen Sauerstoffbedarf und K 6rperwi- 

derstand entspricht den physiologischen Gegebenhei- 

ten. Die Bestimmung des Koeffizienten ky, erfolgte 
aufgrund folgender Uberlegung: 

Aus dem fiir den Korperkreislauf geltenden 
Zusammenhang 

if : 
R. Pas Pos)=Qr=FVs (12) 

s 

kann unter Beriicksichtigung von P,,>P,, fiir die 
Herzfrequenz eine Naherung 

Fr ee 
Sak (13) 

entnommen werden. Diese fiir die Regelstrecke gel- 

tende Gerade bestimmt zusammen mit der Kennlinie 

des Reglers (Abb. 3) den Arbeitspunkt des geschlos- 

senen Systems. In Abb. 5 werden mit ausgezogenen 
Linien die Verhdltnisse fiir den Fall dargestellt, in dem 

das System sich ohne Arbeitsbelastung im stationaren 

Zustand befindet. Bei Belastung stellt sich ein neuer 

Arbeitspunkt ein, wobei die Kennlinien sowohl vom 
Regler als auch von der Strecke Anderungen erfahren. 

Der Umstand, da der Arbeitspunkt im belasteten 

Zustand sowohl einer Herzfrequenz- als auch einer 

Blutdruckerh6hung entsprechen mu, liefert eine 

Bedingung zur Festlegung der in (11) enthaltenen 

Konstante ky. Diese Bedingung kann aufgrund der in 
Abb. 5 dargestellten Verhaltnisse und von (13) unter 

Beriicksichtigung der Auswirkung der Anderung des 

Schlagvolumens und des K6rperwiderstandes gema 

(10) bzw. (11) in der Form 

2 < tienes < oe (14) 

max Ree Ve f 4 DUES: Bo, aso 

Vso 

angegeben werden. Hieraus folgt mit Heranziehung 

von (9) und mit F,,.,=Fo + 4F sowie Pinax = Paso + 4P 

1 

(ee ANP < L+kyrko, Won aS +S 3 (15) 
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Pp 
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Abb. 5. Gebiet méglicher Systemzustande in der P,,— F-Ebene 

Nimmt man bei der vorgesehenen maximalen 

Belastung W,, .. =100W die Werte 4F/F,=0,7 und 
AP/P,5,=9,25 sowie ein Schlagvolumen V,y= 100ml 
an, so ergibt (15) unter Benutzung der weiter oben 

eingefiihrten Werte der auftretenden Konstanten die 

Relation 

00025 <ky 0,01 (16) 

auf deren Grund die Festlegung ky,p=0,005s/ml er- 

folgte. 

Zu 3. Arbeitsstatus > Herzfrequenz 

KspP ee FO (oe 

ol ern Ma a 
a -(° falls W,,=0 

ps 1 falls W,,+0 
hope OS 

ESS, 

Ubertragungsverhalten und Parameterwerte wurden 

aufgrund von weiter unten genannten MeBergebnissen 

an gesunden Probanden ermittelt. 

Den Ausgangspunkt fiir eine Computersimulation 

des oben aufgestellten Modells bildet das in Abb. 6 

gezeigte Blockdiagramm. 
Der Umfang und Charakter der Simulationsaufga- 

be machte den Einsatz eines Digitalrechners in Verbin- 

dung mit einer Simulationssprache notwendig. Verwen- 

det wurde die am Rechner BESM-6 zur Verfiigung 
stehende Simulationssprache DIALOG zur Berech- 

nung der Reaktion kontinuierlicher dynamischer Syste- 

me auf verschiedenartige St6rungen (Kraus, 1972). 

3. Ergebnisse der Modelluntersuchung 

3.4. Untersuchung mit aperiodischen Testsignalen 

Am Anfang der Modelluntersuchungen galt es festzu- 

stellen, ob das Modellverhalten den an gesunden 
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Ri (Pap Pro)| 

Vs. 
Pas oe 

Si 

= CePye 

Pap 1 
Spe ele /ReCe-1 

Menschen ermittelten durchschnittlichen Verhaltnissen 

entspricht. Der dazu erforderliche Vergleich wurde 

aufgrund von MeBergebnissen vorgenommen, die an 

der Medizinischen Klinik der Karl-Marx-Universitat 

Leipzig von Doz. Dr. Urbaczek und Dr. Schauer 

durchgefiihrt wurden. Es handelte sich dabei um ape- 

riodische Belastungen, die in Abb. 7 angegeben werden. 

Der Vergleich bezog sich auf die GroBen Herzfrequenz 

und mittlerer arterieller Blutdruck. 
Die Kurvenverlaufe in Abb. 8 lassen erkennen, da} 

eine Ubereinstimmung der MeBergebnisse mit den 

errechneten Werten der Modelluntersuchung mit 

Ausnahme der Herzfrequenz bei der vita-maxima 

Belastung im Streubereich gewahrleistet wurde. Bei 

dieser Belastung liegt jedoch der gemessene Ruhewert 

selbst gegentiber dem bei Gesunden allgemein fiir gultig 

angesehenen 70-75 Schlaége/min um _  etwa_ 10 

Schlage/min zu hoch. Von dieser Verschiebung ange- 

sehen, stimmt der qualitative Verlauf der berechneten 

und der experimentell ermittelten Kurven auch in 
diesem Fall iiberein. 

Aus den experimentell in relativ groBen Zeitabstan- 

den ermittelten Werten bei der sprungformigen Bela- 

stung kann tiber die insbesondere in der Initialphase 
interessierenden zeitlichen Verlaufsform der Antwort- 

kurven nur wenig ausgesagt werden. Bei diesen Mes- 

Abb. 6. Blockdiagramm des Modells 

sungen verfolgte man in erster Linie das Ziel, den 

stationaren Endwert der registrierten Groen zu erfas- 

sen. 
Gute Ubereinstimmung  liefern die mit 

rampenformiger Belastung erzielten Ergebnisse, ins- 

besondere nachdem die anfanglichen Erhohungen der 

Antwortkurven im Modell durch entsprechende 

Beeinflussung des Sympathikotonus Berticksichtigung 

fand. Ahnliche Erhdhungen sind auch bei den 

MeBergebnissen der vita-maxima-Belastung andeu- 

tungsweise erkennbar. Die Erhdhungen in den 

Antwortkurven der rampenf6rmigen Beslastung sind in 

allen drei, )Ballen verschiedener Steilheit der 
Leistungszunahme in guter Naherung ungefahr gleich 

groB. Diese Unabhangigkeit von der GroBe und dem 

zeitlichen Verlauf der Arbeitsbelastung laBt vermuten, 

daB es sich hier um Vorgange handelt, deren Ursache 

allein die Veranderung des Tatigkeitszustandes ist, die 

auf die beteiligten nervalen Instanzen wie eine 

Sprungerregung wirkt. Ohne diese miiBte die 
Rampenantwort einen streng monotonen Verlauf zei- 

gen, vorausgesetzt, da in dem durch die physische 

Belastung ausgelésten Regulationsvorgang kein stark 

ausgeprigtes differenzierendes Verhalten vorherrscht. 

Dagegen spricht jedoch die quasi- Unabhiangigkeit von 

der Steigung der rampenformigen Belastung und ins- 



besondere das Fehlen einer dementsprechend stark 
ausgepragten uberschieBenden Reaktion bei den 
Sprungformigen oder sonstigen, einer unstetigen 
Anderung entsprechenden Belastungsformen. 

Anhand dieser Tatsachen erweist sich die 
rampenformige Belastungsform als geeignet, objektive 
Anteile der Antwortreaktion von denen zu un- 
terscheiden, deren mogliche nervale Ursache mit der 
Belastung nicht ergotrop verkniipft ist. 

3.2. Auswirkung von Parameterdnderungen auf die 

Systemcharakteristiken bei aperiodischen und _periodi- 
schen Testsignalen 

Zur Untersuchung der Auswirkung von Anderungen in 

der Beschaffenheit des Herz-Kreislauf-Systems wurde 

ein Vergleich zwischen rampenférmigen und sinusoidal 

verlaufenden Testsignalen am Modell durchgefiihrt. 

Dazu wurde eine willkiirliche Vergr6Berung des Wertes 
der Zeitkonstante ty, auf das Anderthalbfache vorge- 
nommen. 

In den Rampenantworten kam dieser Eingriff 

durch eine Zunahme der in Abb. 1 mit 7, bezeichnete 

Verzogerung der Antwortkurven zum Ausdruck. Die 

konkreten Werte der Zunahme zeigt Abb. 9. Hieraus ist 

ersichtlich, da der relative Anteil der Zunahme mit 

dem der Parameteranderung tibereinstimmt. Es wurde 

ferner gefunden, daB die Verzogerung T,, bei zuneh- 

mender Steigung der Belastungszunahme abnimmt. 

Dies stimmt mit dem von Karlsson u. Wigertz (1971) an 

gesunden Menschen ermittelten Befund iiberein. Dieser 
Effekt bietet die MOglichkeit, mittels Belastungen ver- 

schiedener Steilheit Aussagen tiber die Linearitatsei- 

genschaften des Herz-Kreislauf-Systems zu gewinnen. 

Die Auswirkung der gleichen Parameteranderung 

auf den Frequenzgang zeigt Abb. 10. Im Gegensatz zur 

Rampenantwort jedoch, woraus unmittelbar eine 

VergroBerung der Tragheit des Systems quantitativ 

entnommen werden kann, ist aus den Ortskurven 

lediglich die Tatsache einer Anderung erkennbar, deren 
Prazisierung mit weiterem Aufwand verbunden ist. 

4. Diskussion 

Die klinische Untersuchung des Leistungsvermogens 

des Herz-Kreislauf-Systems unter Zuhilfenahme re- 

gelungstheoretischer Betrachtungsweisen wirft das 

Problem der  Festlegung eines  geeigneten 

Testsignalverlaufs fiir die Belastung auf und fordert die 

Entscheidung dariiber, welche Charakteristiken zur 

Beurteilung der Systemeigenschaften verwendet wer- 

den sollen. 

Unter Beschrankung auf determinierte Testsignale 

steht zur Beantwortung dieser Fragen die Méglichkeit 
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Abb. 7. Verlauf der verwendeten aperiodischen Testsignale 

der Wahl zwischen periodischen oder aperiodischen 
Testsignalen bzw. Zeit- oder Frequenzcharakteristiken 
zur Verfiigung. Der heutige Stand der experimentellen 

Systemanalyse verfiigt iiber eine Vielzahl von 

Verfahren, die jeder getroffenen Wahl gerecht werden 

k6nnen, doch es kann eine Entscheidung dartber, unter 

welchen Bedingungen sich die einzelnen Verfahren 

am vorteilhaftesten einsetzen lassen, nur unter 
Bericksichtigung der spezifischen Verhaltnisse des 

Anwendungsgebietes gefallt werden. 

Es kann kaum erhofft werden, da diese 

Verhaltnisse sich eindeutig und vollstandig formulieren 

lassen. Es ko6nnen jedoch einige Aspekte genannt 

werden, deren Beachtung als Minimalforderung von 

einem Testverfahren verlangt werden mu. Fiir ein 

Testsignal wiirde dies bedeuten, dai es mit vertretbarer 

Genauigkeit einfach realisierbar und reproduzierbar, 

beliebig dosierbar hinsichtlich Leistungshohe und 

Leistungsdauer und gut vertraglich auch fiir Kranke ist. 
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Abb. 8. Errechnete und experimentell ermittelte Ergebnisse 
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Abb. 9. Abhangigkeit der Verz6gerung der rampenformigen Antwort 

von der Steilheit der Belastung 

Von den Systemcharakteristiken kann gefordert wer- 

den, daB sie eine anschauliche Interpretierbarkeit und 
eine schnelle und unaufwendige Auswertung erlauben, 

die Abweichungen der Systemeigenschaften von der 

Norm deutlich zum Ausdruck bringen und sowohl iiber 

das kinetische als auch iiber das statische Verhalten 
unmittelbar informieren. 

Die vorangehende Abhandlung hat Ergebnisse ge- 

liefert, die es ermdglichen, eine Einschatzung der 

moglichen Arten von Testverfahren nach der Erfullung 

dieser Forderungen vorzunehmen. 

Periodische Testsignale, so wie sie in der 

Kreislaufforschung aufgefaBt werden, d. h. harmonisch 

veranderliche periodische Zeitfunktionen k6nnen mit 
Hilfe besonderer Vorrichtungen erzeugt werden. Fur 

einen Test ist die Amplitude von vornherein festgelegt ; 
die Dauer mu8 mindestens die von einer Periode 

betragen oder langer als die transiente Phase sein. 

Damit ist die Dosierbarkeit stark beeintrachtigt. Will 

man die Untersuchung mit einer Reihe von solchen 
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Abb. 10. Auswirkung von Parameteranderung auf den Frequenzgang 

Signalen unterschiedlicher Frequenz mit dem Ziel der 

Ermittlung des Frequenzganges durchfihren, so nimmt 

die Gesamtdauer der Untersuchung betrachtlich zu. 

Die erhaltene Systemantwort kann unmittelbar nur fiir 

den stationéren Zustand Information liefern. 

Tabelle 1. Gegeniiberstellung der méglichen Klassen von dynamischen Testverfahren der Herz-K reislauf-Untersuchung 

I II Ill IV 

periodische TS- periodische TS- aperiodische TS- aperiodische TS- 

Zeitcharakteristik © Frequenzcharakteristik  Zeitcharakteristik | Frequenzcharakteristik 

Testsignal Realisierbarkeit/ se es forts 

Aufwand 

Dosierbarkeit + + doa Mite 

Vertraglichkeit =f + aE ab ae Bh aleaste 

Ergebnisdarstellung _ Interpretierbarkeit/ Bice ea rele: r 

Aufwand 

Parameterempfind- ++ ap ap ae +4 de dk 

lichkeit 

Aussagefahigkeit ap ar ap ae +++ ab de 

iiber Dynamik 
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Geeignet gewahlte aperiodische Testsignale konnen 
sowohl die Forderung nach einfacher Realisierbarkeit 

als auch nach der Dosierbarkeit in beiden genannten 

Hinsichten erfillen. Denkt man die aperiodischen 
Testsignale als durch Integration aus dem Diracschen 

StoB generierte Funktionen, so ist das einfachste, der 

Bedingung der  Realisierbarkeit gut entgegen- 

kommende, aber auch allen weiteren Forderungen 
gentigende aperiodische Testsignal der lineare Anstieg. 

Hinsichtlich Systemcharakteristiken kommen 

die auf ein festgelegtes Eingangssignal gelieferte 
Ausgangsantwort und der Frequenzgang in Betracht. 

Da sie miteinander verkniipft sind, werden sie beide die 

Systemeigenschaften auf die eine oder die andere Art 

widerspiegeln. Entscheidend im vorliegenden Fall sind 

die Anschaulichkeit und die Moglichkeit einer un- 

mittelbaren Deutung. Wie es aus den durchgefiihrten 

Untersuchungen hervorgeht, kommen diese letzteren 

bei der Zeitcharakteristiken besser zum Ausdruck. Sie 
sind auBerdem gut geeignet, auf einfache und schnelle 

Art Vergleiche mit vorgegebenem Normverhalten an- 
zustellen. 

In Tab. 1 wird versucht, eine Gegeniiberstellung der 

vier mOglichen Grundvarianten von Testverfahren auf- 

grund einer guten (+ + +), mittelmaBigen (+ +) und 
maBigen (+) Erfiillung der gestellten Forderungen 

vorzunehmen. 
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Abstract. Self-organizing systems are defined as able to 

change their structure, according to need, within speci- 

fic equivalence classes. Once hierarchical levels and 

their value functions are assigned, requirements of 

invariance under transformations within an equival- 

ence class can be used as a principle to determine the 

population of each level. This program is carried out in 

complete detail, as an example, for a particular class of 

systems (called “modular’), for which it is shown that a 

full Thermodynamics can be constructed. Modular 

systems are compared with linguistic, monetary, and 

military organizations; they are found to describe 

exactly the empirical data available on monetary 

circulation over the world, and to offer other perhaps 

suggestive indications. The emerging picture is that ofa 

development, for any such system, which alternates 

phases of evolution (changes of level occupation num- 

bers) with phases of revolution (changes of level 

structure within the given equivalence class). 

I. Introduction 

1. The view is here taken that the search for general 
principles governing the formation and change of struc- 

tures in systems of the most varied sorts (biological, 

social, economical, linguistic, military, physical...) may 

be, at this time, a legitimate object of scientific enquiry ; 

that such principles, if any, should be very few indeed, 

because of their assumed universal character; that the 

major difficulty in the task proposed may be expected 

to lie in the discrimination between the obvious (as any 

such principle is wont to be a posteriori) and the evident, 

which is readily seen but not as readily recognized to be 

most often of a specific rather than general nature. 

Any such endeavor can only be a study of models 

(stemming from motivations that need interest only the 

author), the cruder at the inception the better; also, 

x On leave of absence from Laboratorio di Cibernetica, CNR, 

Naples, Italy 

overly general definitions turn out to be, more often 

than not, wishful thinking or mathematical traps. The 

discussion that follows adheres strictly to these pre- 

mises, by being a discourse on models rather than on 

things, narrowed by definitions as strict as possible. 

This constraint will not be maintained in the last Part, 

where some comparisons with known facts are made 

and others are proposed as objects of theoretical and 

experimental research. 

2. The concept of “system” is taken as primitive. 

Although “large” systems with “complex interactions” 
among their elements (“element” is also of course a 

primitive concept) are our main interest, these added 

qualifications, easily confusing, are not needed and 

better kept away at this stage. 

Two examples will be useful to fix ideas and render 

most of the following intuitive: 
a) given an alphabet A of M letters, consider all 

possible strings of letters, of any length (up to a 

maximum, if so desired): they form the semigroup 

generated by A. Again, consider all possible sequences 

of such strings: this is the monoid A* generated by A; 

b) given a number system (e.g. decimal) consider the 
semigroup obtained as in a) with A=(0,1,..., 9), 

M=10: this contains all integer numbers (up to a 

maximum, if so desired). A* will be formed by all 
possible sequences of numbers (no connection with the 

operations of arithmetics is implied). 
We restrict from now on, by definition, our attention 

only to systems composed of a discrete, however large, 

number of elements. The rounding off of a number into 

the nearest integer will be understood without further 

mention, aS a necessary approximation in the appli- 

cation of theory: e.g. Vi0= 3, if it denotes number of 

cells, coins or people. 
Each string of a) or number of b) is, by our 

definition, a system; so are the corresponding semi- 

groups, or the closely allied monoids. The relation is 

that of “system” to “ensemble” in statistical physics; 
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both concepts will be necessary for us, but the word 

“system” will be used indiscriminately to cover both 

instances; the context will make it clear when the 

discussion applies to both, or only to one situation. 

3. A definition of “structure” will not be attempted 

in general (it would have no less traps than that of 

“randomness”, and would be useless for our purposes) ; 

we shall rather confine our attention to a particular 

class of systems (hierarchical systems, HS) and more in 

detail to a subclass of them (hierarchical modular 

systems, HMS), to be defined in Part II. We shall say 

that a HS or a HMS (or whatever other system we may 

have decided to define unambiguously at any time) have 

structure or are structured ; whenever the word “struc- 

ture” is used, it must be so understood. 

A HMS will be seen to behave much like Example b) 

in the previous section, the “module” corresponding to 

the arithmetical base M (= 10). 
4. A structured system may be subject to change in 

the course of time. We distinguish two types of behavior 

in this respect, which are best described first on an 

example. Suppose the system is isomorphic with a set of 

numbers; the first type of change has to do with 

changes of these numbers, we may call it “evolution” ; 

the second with a change of the structure itself, which in 

this example corresponds to a change of the base of the 
number system (to provide isomorphism with the new 

situation of the system): we call this a “revolution” (we 
are not considering the “wrecking” of the system, which 

one is of course at freedom to call “revolution” as well). 

A change of structure is therefore a “revolution”. 

We shall be concerned mostly with this type of change 

and shall restrict (arbitrarily) the use of the appellative 

“self-organizing” to systems which can change spon- 
taneously their structure (besides evolving) so as to meet 

new situations. We emphasize that our use of words is 

merely technical, and that a literal reading might prove 

as misleading as it might appeal as suggestive. (To 

resort to facile analogies, the warming up of water is for 

us an “evolution”, its boiling a “revolution”; the 

clustering of spins into domains, and again the align- 

ment of the latter into a magnet, and generally all phase 

transitions of physics, are revolutions; likewise the 

depolarization of a neuronal membrane, or the sudden 
transition from the all-white to the all-black state in 

some U.S. neighborhood once a critical black/white 
ratio is reached.) 

Structure emerges as a quantification into the 

discrete of the continuum or indefinite; a change of 

structure must be a change among integer values, so 

that a criterion of stability is thereby provided to self- 

organizing systems against arbitrarily small per- 

turbations. 

5. Part II contains the necessary preliminary postu- 

lations and definitions, as well as a description of what a 

non-structured system may be expected to gain by 

acquiring a hierarchical structure. 
Emphasis is then placed on how one may best 

characterize structures (assumed as given, the mech- 

anism of their formation is not the object of inves- 

tigation), and parameters pertaining to them, so as 

to judge their efficiency in performing specific tasks. 

This is done in Part II], on the particular case of HMS’s, 

which are amenable to a complete mathematical treat- 
ment ; they are expected to play a relevant role in further 

analyses of this nature, both as conceptual tools and as 

approximating devices. 
In Part IV it is shown that a full thermodynamics 

(not only an “entropy”, but also a “temperature”, an 

“energy”, etc.) can be developed for HMS’s. 

Part V is devoted to a first, by necessity preliminary 

comparison with some realistic situations. HMS’s are 

seen to have a distribution law which coincides strik- 
ingly with that empirically determined by experts from 

available data on the monetary circulation in the 

world’s countries ; the agreement of it with the standard 

military chain of command is also intriguing. A brief 

discussion of further possibilities, as well as limitations, 

of the present approach is finally given. 

II. Definitions and Remarks 

1. Bose-Einstein and Boltzmann Counting 

Elements will be regarded as identical, non distinguish- 

able, when in a collection of them their identity is 
irrelevant for the purpose at hand. Thus, any two 

groupings into a same “state” of the same number n of 

infantrymen to form a squad, or of 100-dollar bills to 

form a same total (if one is not interested in forgery and 
serial numbers), etc., are indistinguishable for the 

general officer, or the tax collector, conceived here as 

physical “Observers”. 

We pose no a priori restriction on the values that n, 

the number of identical elements of some sort, may 

assume; given n, the number W of different states that 

can be formed with them is clearly W=n+1 (n=0 is 

included). This is the counting of Bose-Einstein statis- 

tics (we do not treat here, though we do not exclude, 

situations in which Gentile or Fermi counting may be 
appropriate). 

Whenever non-identical elements are involved, e.g. 
coins of different denominations when this is impor- 
tant, Boltzmann counting will apply. 

2. Information and Level Formation 

Since we are going to utilize quantities that are familiar 
in Thermodynamics, our notation and symbols will 
conform to physical usage and terminology. This is of 
course only a matter of conceptual convenience, the 
reader need not feel so constrained. 



We need first to get some notion on the function of 
hierarchical levels in a system. This is best seen on an 
example ; of the host that might be quoted, the simplest 
is perhaps that of a monetary system. We ask whether 
any reason can be found for the fact that all such 
Systems (in less than primitive societies) are always 
quantified into discrete units of different de- 
nominations and values, rather than being “con- 
tinuous” (as would be the use, say, of gold by weight, 
any weight; “evident” reasons, such as the certification 
of exact weight imprinted by the royal mint of ancient 
Lydia, or many others to be found in history, would be 

misleading for our purposes). We assume to have at the 
start only an indefinite amount of coins, or tokens, of a 
same unit value (we are restricted to discrete systems: 
this is here no limitation, only a simplification). 

Plot (Fig. 1) on the horizontal axis the number of 

different possible states (sums of money) W=n-+1, on 

the vertical the corresponding entropy (or information: 

no distinction is here necessary) 

S=KlgW=K log(1+n). 

The logarithmic growth of S (nearly linear for small 

n, increasingly slower for higher n), well typifies our 
correspondingly increasing awkwardness in handling 

the system when n grows, whatever we may want to do 

or know about it (Von Neumann, 1958): doubling n 

nearly doubles S for small n, while for large n an 
enormous increase is necessary to double the infor- 
mation S. 

Suppose that, at this point, the system is re- 

structured into a new one, in which identical “clusters” 

of unit coins, each containing M elements, are formed; 

a cluster is a bag of unit coins, or, equivalently, a second 

type of coin. We can now form a definite total in more 

ways, if it exceeds M — 1; suppose we use n, unit coins 

and n, coins of the second type, and put them down 
one at a time, starting with the unit coins. The latter 
being distinguishable from the former, we have 

W=(1+n,)(1+n,) 
S=Klg(1+n,)+Klg(1+n,). 

Curve / of Figure 1 changes into Curve 2, which has a 

kink, and separates from / to form a new logarithmic 

are which is again nearly linear for small nj, as soon as 

the new coins start being used. The introduction of anew 

value, or level, keeps the information nearly linear within 

a broader range (n,,n,). Another way of looking at 
Curve 2 is to imagine its second arc as deriving from a 

contraction by a scaling factor 1/M of the subjacent 

portion of the horizontal axis. We may then want, 

associating information with value, that 

S=Klg[(1+n,)(1+n,)J=K lg +n,+Mn,): 

this occurs only if n, =M—1, that is, we must not use 

unit coins unless necessary. 

Sys) 

Se 

Fig. 1. Information growth with clustering 

The latter remark is not trivial, it is rather typical of 

questions that arise once one starts in this field. We need 

not comment upon it here, as the issue will become 

evident from the sequel. We have thus seen that, 

informationwise, we can cope with the same ease with 

any system of identical elements (that is, staying always 

nearly linear) provided these systems are organized into 

levels, the elements of which are identical clusters of 

those of the level below, and that such clusters be 

treated as, or replaced by, new elements, identical 

among themselves but not with those of levels below or 
above. 

3. Clustering 

We have thus a cue for regarding clustering, and then 

the identification of a cluster as a new element of a 
different nature than its components, as a typical 

process of level and structure formation; also, a 

hierarchical arrangement of elements, clusters, clusters 

of clusters, etc., appears as a rather natural mechanism 

to achieve this effect. 
We note that an element, by becoming a part of a 

cluster of the next higher level, Joses many of its features 

and acquires the new function of member of the cluster. 

All examples we can draw, from collective motions to 

biology to army life, substantiate this view. 

4. Definition of Hierarchical System 

We are now ready for a definition which will suffice for 

our present purposes. Greater generality would be only 

detrimental at this stage. 
Consider a system composed of elements of levels 

0,152). L(Sice), Theyelements at*each: level are) in- 

distinguishable among themselves, distinguishable 

from those at other levels. Let there be n, elements in the 

level h(i =0, 1, ...,). 

The total number of elements is 
L 

N=))) Hj. (1) 
} h=1 
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Such arrangement we call a partition of the elements of 

the system. 
Attach now to each level h an (integer) value v, ; the 

total value of the system (we assume for simplicity that 

there is only one value function) is 
£ 

Vaz intl, Oh (2) 
h=0 

the average value of an element of the system is then 

L 

M,Vp, 

== (3) L 

De Ny 
h=0 

We recall that we have convened to term “self- 

organizing” a system which can organize itself by the 

partitioning process into one or another hierarchical 

structure. This definition may be readily generalized to 

any other given specification of structure. 

We further require that the value function be such 

that 

bem integer > 1, any h; vy =1 (in suitable units). 

2 (4) 
If, in particular, (4) reduces to 

Ne. ee eee (5) 
Un-1 = Yn-2 | 

we call the system modular (HMS), and M the module or 

base of the HMS and of the corresponding partition. 

5. Hierarchical Partitions 

We are now concerned with relations among different 

partitions of a same self-organizing system. We call a 

partition 7, a refinement of a partition 7, if it has more 
levels than z, and retains all the levels of z, (which stay 
invariant under 7,). 

A hierarchical modular partition n° is therefore a 
refinement of a previous 2°" if, and only if: 

MMi? © Vp integer > 1" (6) 

From now on our interest will be confined to 

HMS’s. After (6), we shall call for short any 2(™° a p- 
refinement of 1°. 

6. Hierarchical Modular Systems 

They have many interesting properties, which the 
reader may easily consider by himself. We notice here 
only the following: provided the number of elements 

employed at each level is always v, <M, any (integer) 
value v (not exceeding the total value of the system) can 

be expressed in a unique way in terms of elements of the 
system : 

v=V_yM" +... +v 9M°. (7) 

This property is far from trivial; it can be elaborated 

upon in several ways to lead again to a definition, or to 

other properties, of HMS’s. The proof is immediate, if 

we choose M as the basis of a number system (decimal, 

binary, or whatever) so as to write M=10: then (7) 

becomes 

V=VeVy a Vo (8) 

and uniqueness becomes evident because all possible 

values v can be expressed, provided v, <M (which is a 

minimal requirement) by means of strings (8), which are 

isomorphic with the numbers of ordinary arithmetics in 

base M ; the figures v, retain their arithmetic meaning, 

level corresponds to position. 

III. Hierarchical Modular Systems 

1. It is important to make a clear-cut distinction 

between two orders of questions: 
a) those pertaining to specific assignments of values 

to the levels of a HS or of a HMS (in the latter case to 

M"): these, as well as the number L +1 of levels, are in 

the present work assumed to be given a priori (their 

discussion is expected to be specific for each system, and 

therefore beyond our scope; we shall return to this 
point in Part V); 

b) those which relate to the distribution n, of the N 
elements of the system among its levels, h=0, 1, 2, ..., L, 

once their number and values are known; this distri- 

bution will reflect the way the system adapts to an 
external requirement. 

We expect that general properties may be derived 

from a study of b) in typical instances, i.e. models. As an 

example of the method, we shall give a complete 

discussion of HMS’s. 

2. As long as a self-organizing HS stays “isolated”, it 
has no reason (from what was said thus far) to prefer 

any particular choice of n,. If, however, it is in 
“interaction with the universe” this cannot be expected 

to be the case any more. We shall adopt for handling 

this problem the following principle: to assume that the 

system, which is in a given situation as assigned under 
a), is however at freedom to change it by any refinement 

of its original hierarchical partition. This principle 

assumes, in other words, that the “universe” is not 

interested into what partition the system chooses to 

organize itself; its interaction with the system is of a 

global nature, to be expressed therefore by requiring 

that the value of some mean quantity of the system be 
imposed from its outside (the universe). 

We have here a requirement of invariance under a 

class of transformations (the refining partitions); this is 
important also because additional requirements (see 
Part V) may impose refinements of structure. We note, 
however, that (on purpose) we have said very little 



about HS’s in general, as it carries more conviction in a 
first work to discuss completely a single, though 
restricted instance, than only to touch upona variety of 
cases. We shall therefore from now on concentrate on 
HMsS’s, for which our definitions are complete; pleas- 
ingly enough, remarkable computational simplifi- 
cations will be seen then to occur. 

3. The principle just stated requires that the average 
value of an element of a HMS stay invariant under any 
p-refinement of the HMS 

MM?! ; (9) 
then 

pL. (10) 
and it is wanted that (n,=n\): 

1b pL 

Dine Marr yoink Mee 
> =7=5 a GED) ' (11) 

se 
pL 

(p) 
yi Nh 

h=0 h=0 

We also note that a HMS possesses a natural invariant 

under (9): the ratio of the maximum number of states to 

the module: 
M=E*1 (Milpype*t 

i? M = M}i/P 

We want to determine n\”) so that, for given L, M, 
(11) stays valid for any p. This task, otherwise formi- 

dable, turns out to be surprisingly simple for modular 

systems. 

Take first L=1 and set 

ny =n? f(M"”), with f(l)=1; (13) 
write (11) for p=1 and 2: 

=ME. (12) 

1+f(M)-M__1+f(//M)://M+f(M)-M (14) 
1+ f(M) 1+ f(//M)+f(M) 

whence 

p(M)=M~*? (15) 

and 

een Me nan M, 2. (16) 

Try now to generalize (16) into 

BO =n MMP | (17) 

Substitution into (11) leads, after (12), to: 

pL 

»; Mt/2P 

ee ae 8) 
M—h/2e 

os 
independent of p. The modular nature of the system is 

of course crucial in determining the simplification 

which leads to (18), and proves (17) to be indeed the 

correct solution of our problem. 
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We add from now on the further restriction that our 

HMS be such that: 

N=n?) : M7#/2P 

h=0 

this is not in anyway necessary, may be easily removed 
and is made only to shorten the discussion to barest 
essentials. Then, in conclusion: 

1—M~'/?P 
(p) __ TE e=iN = SS 
: [Vee ere 

M7 H/2p (19) 

is the distribution law that secures the wanted in- 

variance of <v> under p-refinements. 

In the following we need not consider values of p 

other than 1; in a HMS there is no way of knowing a 

“past history” of levels. Note that, in particular: 

n= t=, (20) //M 

IV. Thermodynamics of HMS’s 

1. Given a HMS with distribution law (we remind that 

N has been assumed, for short, to be a constant) 

1—M~ 1/2 

—M-12-L/2 gn Noe et 

we can regard p, as expressing a frequency, or a 
probability scheme, to which we may associate an 

information, or entropy, in the familiar way: 

M72 (A eee) (OU, 

L 

pi Ds PriBPn- (22) 
h=0 

A change of variables will clarify the form without 

altering the content. Write: 

i 
SSS 23 B RT’ (23) 

is, 
F =o: (24) 

&. = tol, (25) 

M =e78e0 | (26) 

and set then 
oem 

E 1-M 2 
ih, = e7 Pen — —________, (27) 
S 1—M~3? 

p=lgZ. (28) 

Then (21) is rewritten in the well familiar form 

1 
Pr=we Pm (29) 

Zi 

and (22) becomes 

1 
S=Kypt+7<e), (30) 
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where 
L L G 

Y 
<e>= )) Pr&n=£o ps We re (31) 

h=0 h=0 

corresponds clearly to the average energy of 

Thermodynamics and means here, to within a factor é , 

the average order, or length, of a level. For instance, 
should we attribute to each word, conceived as a string 

of hcode letters, an “energy ¢,”, this energy would come 

proportional to h. We recover thus, from our premises, 

a concept which has been used sometimes by ma- 
thematical linguists (see Part V). The variance is given 

G- (6) = Op (32) 

We note finally, from (18) and (23)}-(26), that 

E 
| —— 33 BU) = Er (33) 

2. Our principle of invariance under p-refinements 
of the average value of a HMS leads thus (N = const) to 

the Boltzmann statistics (29). The quantities (25) ¢, =e h 

that correspond to the usual energies are not, however, 

connected with the value, but only with the order of the 

levels. To have found a formal definition of energy, 

however remote our starting point, is significant, be- 

cause we can then develop for any such HMS the full 

formalism of Thermodynamics. 
We choose to do so with the “subjective” in- 

terpretation of probability by means of which Jaynes 

(1957) has connected Information Theory and 

Statistical Mechanics (Rothstein, 1951). Although this 

is not necessary (we could just call N<¢> = total energy), 

it may allow a freer transition between Information 

Theory and Physics, according to opportunity and 
without formal changes. To do so, we have only to 
remark that the average energy per element of the 

system is given by (31) and that (Tribus, 1961) we can 

regard 
ib 

dQ,= AD ny Ep (34) 
h=0 

and 
it 

dW,= Ns Dp dep (35) 
h=0 

as the (reversible) heat and work, so that 

die) =dO,—dW, (36) 

is (one way of formulating) the first principle of 

Thermodynamics for our HMS. Next, if ¢, (through 
&9,h or both) is dependent on some external parameters 

X,, [which act upon the system: <e>=e(f, X,)], then 

one can define forces 

CEng te sae (37) 

so that, for a change dX, 

dW, = — Yi p,dey, 

0€ 

hk k k 

and from (27) and (28): 

1 dp 
= lave 

Also: 

dS =Kdy +KBd<e> + Ke) dp 

=Kfd<e>)+KB Y <F,4X, (39) 

and, for reversible ee 

dS =KBdO,+KB (2 (Fy dX,—aWs, =KpdO,, (40) 

or 

ds= a (41) 

The discussion is omitted, because it is amply done in 

the references cited in this Section, and otherwise, if 

things are done in the traditional way, is standard. 
By analogy with physics, two different HMS’s 1 and 

2 will be said to be in equilibrium (0" law) if they have the 
same “temperature” 7; or f (23), to which we must now 

add the further requirement that <v)> be the same for 

both; from (33): 

TO =T , (42) 

ED =D 1) = B=] | (43) 
If ef) =e, then (43) imposes that, besides having the 
same “temperature”, the two systems have also the same 

number of levels; if et), ef are some integers, there will 
be obvious connections with refinements. 

V. Concluding Remarks 

1. Invariance within an Equivalence Class 

We may now try to give a general formulation to the 

method which has been here applied in extenso only toa 

sub-class (N = const) of HMS’s. Asking no questions as 

to “why”, but only as to “how”, we take as initial data a 

description of the levels, and of the value functions 

attached to them, of the system (these define its 
“structure”). In so doing, one is naturally led to consider 

transformations, such as the p-refinements for HMS’s, 

which change the system into an “equivalent” one, both 
as regards its interaction with, i.e. response to, its 
“universe” (as measured by average values) and the type 
of its structure (e.g. modularity must be retained). The 
specification of such transformations can be regarded 
as part of the initial data: what one defines is really an 
equivalence class, within which a self-organizing system 



can freely move. (A mathematical study linking struc- 
tures with structure-preserving transformations is of 
course called for.) 

Such transformations within its equivalence class 
will actually take place and change the structure of 
the system during its development (e.g., because forced 

_by external influences, or by the growth of the number 

of individuals in a population model, or of the volume 
of trade in an economical model...); this fact is not 

considered here, because to some extent specific of each 
system. 

All our attention was focused in this work on 

finding a general criterion that might allow the de- 

termination of the population of each level, once the 

initial data are given. As such we have proposed, and 

applied to HMS’s, a “principle of invariance of response 
under allowed structural transformations” : “response” 

or “interaction” is measured through mean values, 

“allowed transformations” are in our example the p- 

refinements. That is, the “universe” does not know nor 

care about which class a self-organizing system chooses 

to settle in, within equivalence. 

2. Mathematical Linguistics 

The present research stems from work done in 

mathematical linguistics (Caianiello and Capocelli, 

1971), aiming at an inductive study of the hierarchical 

organization ofa language; the Example I-1a) is carried 

over from it. We take, in this respect, HMS’s only as a 

very first step, meant for formulating questions more 

than answering them. 
It is however significant to find, even so, a natural 

connection between “energy” and “word length”, such 

as was postulated by Mandelbrot (1954) in his attempt 

to find an explanation of the so called “Zipfs law” 

(1949): proceeding further as he does, we would im- 

mediately obtain the same result, for any HMS and not 

only for somewhat idealized languages. This we refrain 

from doing, as we feel that Herdan’s criticism (Herdan, 

1962) is not to be taken lightly. 

3. Monetary Systems 

HMS’s should be regarded as the crudest possible 

models of self-organizing systems, especially with the 

(unnecessary) restriction that the number of elements 

stay constant under refinements. It was therefore rather 

surprising to find a realistic situation which is described 

by them quite satisfactorily. The evidence is provided 

by an interesting study made by Hentsch (1973) (former 

president of the “Association suisse des analystes 

financiers”), in which a penetrating analysis is made of 

monetary circulation in the various countries of the 

world, in the attempt to find some regularities ; data are 

reported by this Author for the 1969 circulation in 
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Switzerland, and the 1971 circulation in Switzerland, 

France, Holland, Germany, and USA; the results he 

discovers are said to hold for all countries. They all 
reduce, in our notation, to the law 

RU, 0G Vde (44) 

which exactly coincides with (17), when p=1 and 

v, =M". Various fractional powers of 10 are studied, 
notably 

10/341, 2.15, 4.64, 10, 21.5, 46.4, 100,... (45) 
which, after rounding off to nearest integer, should be 

well familiar to the reader. 

Even more interesting, perhaps, is the fact that the 

law (44) (which is generally followed within one, at most 

two variances) is occasionally not respected; Hentsch 

shows that this happens either because some country 

lacks some value of the sequence (45) [and computes 

that everything would go back to (44) otherwise], or 

because of external causes [the graph for Swiss circu- 
lation in 1969 deviates in excess from (44) for the values 

0.5, 1, 2, and 5 francs, which were coined in silver; in 

1971 silver was no longer in circulation, and the 

corresponding graph follows (44)]. The simplification 

in formula (18) was also noted by this Author. 

The explanation of this behavior, once it is ascer- 

tained empirically that a monetary system isa HMS (M 
need not of course be necessarily 10!/%), becomes quite 
obvious in our perspective. A monetary system is not 
just a game, it interacts with the “universe” of all that 

can be exchanged with money ; the requirement (18) and 

the principle of invariance under p-refinements mean 

here simply that the average value of the monetary 

token must equal the average value, or cost, of anything 

that may be bought or sold, from needle to skyscraper: 

this “universe”, we repeat, “does not know nor care” 

about what module a country may choose for her 

monetary system. 

4. Human Society and Military Structures 

Some considerations on human societies cannot be 

avoided in discussing this subject; we shall do so in the 

crudest possible manner, by considering as the only 

basic factor common to any form of society the 

necessity that its members have of communicating 

among themselves in order to undertake any activity 

that may be termed social. Of communication we 

observe that it takes time, in amounts which increase 

with the complexity of the task to be agreed upon or 
commanded; and that rational communication be- 

comes the less efficient, the larger the group with which 

an individual has to communicate. Aside from one-level 

societies, which may be termed anarchic and are found 

only in very small groupings, all others are hierarchical 

(which does not mean authoritarian). 
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The crudest model one may make is then, again, a 

HMS where, treating all individuals and tasks as equal, 
the module M denotes the (assumedly constant) num- 

ber of individuals who are communicating with, or 

controlled by, an element of the next higher level. 

This model may be compared with the chain of 

command typical of military organizations. Within this 

writer’s experience (not altogether negligible, thanks to 

the second world war!), M = 10 can be very nearly taken 
as the module (unless otherwise required for technical 

reasons). But then one is immediately struck by the 
systematic appearance of the number 3 (3 leaders: 1 

sergeant and 2 corporals, for a squad of 10 soldiers; 3 

squads to a platoon, 3 platoons plus one squad to a 
company; and so on). If we now look at (20), we find 

that //10z 3 is just what a HMS would require in this 
case. 

This can only be an argument proposed for dis- 
cussion: it would be interesting to know from experts 

how things stand, in case there are armies or similarly 
schematizable societies where M is significantly + 10; 

as well as to know how levels were developed in the 

course of history. 
Another such modular society was that of the 

Incas—except that, at the highest echélon, one finds 4 

instead of 10 (higher decisional responsibilities, or 

something to do with the cardinal points ?). 

Of the myriads of questions that come to mind only 

two will be formulated here as examples ; both are based 

upon the crude assumptions that M 1s a biological 

constant and that no other factors are involved. When 

the number’of individuals increases, M cannot change, 

so there is the need for p-refinements, or “revolutions” 

(no blood is meant !); the dynamics of this phenomenon 
requires the intervention of splitting forces, or “social 

tensions”, which it should not be difficult to estimate in 

models using the Thermodynamics of HMS’s: can this 

be an acceptable explication, in lieu of more “evident” 

others? Next: a computer is not bound by so small a 

value of M; can we make models to evaluate, albeit 

crudely, a reasonable if not optimal structure for a 
society based on man-machine symbiosis? 

5. Conclusion 

The reader will have noticed that several things have not 

been stated in this work, although seemingly “evident” : 

such as that level formation is a consequence of entropy 

maximization (the argument in II-2 can be readily 

construed to this effect) ; or that it is due to the increased 

working efficiency of structured systems (army vs. 

crowd); or that it comes from a balance between 

“organizing” and “disorganizing” agents, as it happens 

with all equilibria (these statements are not con- 

tradictory). We have avoided the issue altogether as a 

matter of methodology, it not being yet clear to us to 

what extent they are “specific” and to what “general”. 

The dynamical development of a system, i.e. of a 

model, through phases of evolution and revolution as 

defined here, will have to be studied, as a consequence 

of intrinsic or extrinsic changes (e.g. in a HMS of N 

and/or V), and the corresponding dynamical concepts 

clarified. The work of Part IV should help in this task. 

There may be questions for the biologist: e.g., can 

biological hierarchies be connected with the require- 
ment that the total, or average, mass of food (or of 

particular substances) used up in a hierarchy be de- 

pendent only on the “universe of supply”? Not to 

mention physics, where yet another outlook on phase 

transitions would not cause much surprise. 

Another issue that comes to mind is the following: a 

hierarchical system interacting with another acts as a 

template for it: structure forces structure upon the 
environment. Formula (43) is only one among a host of 

cases that can be thus studied. 
In conclusion, we feel that our attempt is “exposed 

to destruction”, in Mendeleev’s sense, in so many ways, 

that we find it stimulating to present it for this very 

reason. 
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A Model of a Human Neuromuscular System for Small Isometric Tensions 

R. D. Traub 
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Abstract. A model is constructed of the motor units in 
the human first dorsal interosseus (FDI) muscle. Each 

motorneuron is simulated using a pseudo-steady-state 

model that omits the membrane capacity and the events 
underlying the action potential. Properties of individual 

twitches in the corresponding muscle units are based 
on the data of Milner-Brown et al. for the FDI, while 

the transduction between steady firing rate and per- 

centage of maximum tension in a muscle unit is based 
on the work of Rack and Westbury on the cat soleus 

muscle. Since we are concerned only with small iso- 

metric tensions, we ignore effects due to muscle spindles 

and to recurrent inhibition. The model allows one to 

to determine, by simulation, the tension-time functions 

produced by different “programs” of input to an entire 
pool of 120 motorneurons. Thus, for example, in order 
to produce tension rising linearly with time, it suffices 

to deliver to each neuron in the pool a non-linearly 
rising conductance; the conductance can be the same 

for all neurons in the pool, but can NOT be scaled in 

proportion to the surface area of the respective neurons. 

The input may be delivered to any part of the neuron’s 
dendritic tree, as long as the electrotonic distribution 

of input is the same for all the neurons. For a linearly 
rising force produced in this way, most of the motor- 
neurons yield similar slopes for their frequency-force 

curves, as observed by Milner-Brown et al. To pro- 

duce tensions greater than about | kg, mechanisms 

not included in this model must come into play, Le. 

perhaps introduction of phasic motorneurons. The 

most important data needed to improve this model are 

sets of isometric frequency-force curves for muscle 

units of different twitch tensions. 

Introduction 

The purpose of this paper is to construct a model of 

the tonic motor units comprising the human first dorsal 

interosseus (FDI) muscle. In doing so, we shall attempt 

to synthesize data on muscle (derived from the work 

of Milner-Brown et al. and Rack and Westbury, etc.) 

with a motorneuron model developed by the author 
(Traub, 1977); the latter model in turn synthesizes 

data of Kernell, Henneman, and others. 

The model allows one to test, via simulation, the 

isometric muscle tension produced for a given set of 
inputs to an entire pool of motorneurons. For a 

particular motorneuron at a particular time, its input 

is specified by the excitatory and inhibitory synaptic 

conductance changes across the different electrotonic 

regions of its membrane. A set of inputs to the entire 
pool of motorneurons at a number of different times 
is called an input program to the pool. 

We shall use the FDI model to explore how the 
size principle applies quantitatively to a given muscle. 

In particular, we examine different input programs to 
the motorneuron pool, testing the resulting patterns 

of recruitment and change in firing rate with increasing 

force, to check for consistency with data of Milner- 

Brown et al. (1973a—c). Certain input programs are 

consistent with these data while others are not. Our 

results suggest certain inferences about the “wering” 

of the anterior horns of the spinal cord. 
The human first dorsal interosseus muscle is chosen 

because of the availability of both anatomical data on 

its total number of motor units, and also electro- 

myographic data on the distribution of force thresholds 

and other properties of the individual motor units. 

We shall consider only slowly changing, small iso- 

metric tensions. “Slowly changing” means that at each 

time the motorneuron and its muscle fibers are taken 

to be in a steady state of regular firing and contraction 

respectively. [Thus, the catch phenomenon in muscle 

(Burke and Edgerton, 1975) and the effects of bursts, 

doublets, etc. from the motorneurons are excluded, as 

is motorneuronal adaptation.] “Small” means “up to 

about 1 kg”, as compared to the maximum tension of 

4—6 kg which the FDI can exert (Milner-Brown et al., 
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Table 1. Motor unit parameters 

Number of motor units 120 

Threshold h in g of motor unit i 1000-469 log (i) 

Twitch tension w in g for unit h/200 

of threshold h 

Contraction time c in ms for unit 

of threshold h 

Relaxation half-time r in ms of unit 

of threshold h 

Average force in g per twitch per ms 

Fusion frequency (impulse/s) 

7020 log (h/20) 

55-15 log (h/20) 

w(c/2 — r/log (0.5)) 
20+ h/20 

40 F- 

NUMBER OF UNITS 

Weil pe 
E 2.0=2:5 3.0-3.5 4.0-4.5 

1.5-2.0 2,5=3.0 

TWITCH TENSION (grams) 

3.5-4.0 4.5-5.0 

Fig. 1. Distribution of twitch tensions among the muscle units 

1973a). At these “small” tensions, we can assume that, 

in a steady state, the force is produced solely by the 

activity of tonic motorneurons. We also exclude from 

consideration recurrent (Renshaw) inhibition and sen- 

sory feedback of all kinds onto the motorneurons, 

either from Golgi tendon organs (which might be 

important at large tensions) or from muscle spindles; 

for although the length of the latter may not change 

during an isometric contraction, «—y coactivation 

might still produce feedback onto the motorneuron 

pool that is some function of the tension in the muscle. 
The practical reasons for the above restrictions are as 

follows: 1) we avoid the integration of differential 

equations, since, as will be seen, in the steady state the 

input-output relations of both motorneurons and 

muscle units can be expressed by straightforward func- 

tions; and 2) by not allowing feedback, we avoid 

having to consider time explicitly. These two factors 

allow a great reduction in the complexity of the model, 

which nevertheless serves to capture some important 
aspects of the organization of this particular neuro- 

neuromuscular system. 

Construction 

Properties of the Muscle Units 

Following the terminology of Burke and Edgerton 

(1975), we shall call the set of muscle fibers in a partic- 

ular motor unit a muscle unit; the motor unit then 

consists of a muscle unit plus a motorneuron. 

Feinstein et al. (1955) estimated that there were 119 

motor units in the human FDI. We have therefore used 

120 motor units in our model. Note that Feinstein 

et al.’s estimate is for the total number of motor units, 

whereas our model is concerned only with tonic motor 

units. However, the estimate of Feinstein et al. is based 

on counting the number of axons in a nerve with 

extensive branching, and may therefore be too small. 

In one of their studies of the FDI, Milner-Brown 

et al. (1973b) had their subjects develop a force just 

adequate to activate a given motor unit. The threshold 

force of activation (TFA) could thus be measured. The 

following properties were then determined as func- 

tions of the TFA: twitch tension, contraction time (i.e. 

time to reach the peak of a twitch), and relaxation half- 

time for a twitch. [See Figures 3 and 4 of Milner-Brown 

et al. (1973b).] We have used these figures as follows 

(Table 1): 1) We take the twitch tension as 1/200 the 

TFA; 2) the contraction time in ms we take as 70-20 

log (TFA/20); and 3) the half-relaxation time in ms we 

take as 55—15 log (TFA/20). We approximate a twitch 

as rising linearly to its peak and then decaying ex- 

ponentially. Thus, we can determine the average 

tension produced at low frequencies for a motor unit 

of known TFA. 
The most important consequence of the above is 

this: the TFA ofa motor unit and its ability to generate 

tension correspond; the larger the TFA, the greater 

the contribution of tension. 

Finally, Milner-Brown et al. (1973b) give the dis- 

tribution of twitch tensions throughout the entire FDI; 

from this one can easily determine the overall distribu- 

tion of TFA’s. We approximate this distribution by 
assigning to motor unit i a TFA in grams of 

1000—469 log (i). The resulting distribution of TFA’s 
is shown in Figure 1 and in Curve A of Figure 8. We 
emphasize that this “TFA” is an “a priori TFA”. It 

remains to be shown that an input program exists such 

that motor units are recruited at the correct force 

levels, i.e. so that the TFA in the simulation equals the 

“a priori TFA”. This is the major check of consistency 
of the model. 

We must now determine the mean tension produced 

by each muscle unit for any given steady stimulating 

frequency. Here, we are forced to extrapolate from 
the cat. We shall proceed in two steps: 

(A) The data of McPhedran et al. (1965) on the cat 

soleus muscle (see their Fig. 9) demonstrate that 

1) motor units have different fusion frequencies 
(i.e. frequencies at which maximum tetanic tension is 
developed); 

_ 2) in that particular muscle, no units fuse at fre- 

quencies of 10/s although some do at frequencies of 
20/83 

3) almost all units fuse at frequencies of 50/s. 



We shall assume that the fusion frequency of an 
FDI motor unit is a monotone increasing frequency of 
its TFA. (Note that motor units with a small TFA are 
themselves small, because twitch tension is pro- 
portional to TFA.) Our reasoning is that 1) small 
muscle units are driven by small motorneurons; and 
2) small motorneurons have, in their primary range, 
flatter conductance-frequency curves than large motor- 
neurons, and therefore attain lower maximum fre- 

quencies. Thus, the fusion frequency of a small motor 
unit should be less than the fusion frequency of a large 
motor unit. 

In particular, we shall assume that the fusion fre- 

quency is equal, in impulses per second (ips), to 

20+TFA/20. Thus, the smallest units are assumed to 

fuse at about 20 ips and the largest units at about 70 ips. 

(B) Rack and Westbury (1969) give the isometric 
tension for the entire cat soleus muscle stimulated 

(asynchronously through multiple filaments) at various 

steady frequencies (see their Fig. 7). Note that their 

curve is not defined at frequencies below 3 ips. 

Let T denote tension for a muscle unit or collection 

of muscle units, and f denote frequency. Rack and 

Westbury’s Figure 7 then defines a function ® defined 

by T = &(f). We shall use a slightly modified function & 

in which the discontinuity at 3 ips is removed. Let f; 

denote the fusion frequency for the soleus muscle as a 

whole (about 35 ips). 

We now assume that the frequency-tension re- 

sponse of each muscle unit behaves as a linearly dis- 

torted version of ®: distorted in the vertical axis ac- 

cording to the tetanic tension of the unit, and dis- 

torted in the horizontal axis according to the fusion 

frequency. Thus, if T,,, denotes tetanic tension, fry, 

denotes fusion frequency, and T,,,, denotes the maxi- 
mum value which @ assumes, then the tension T of a 

given motor unit at frequency f will be 

(Tier! Tmax) X PUF X fi/ Srus) « 

We assume further that for each muscle unit T,,, 

is proportional to the average force unit time of a 
single twitch. This average force is, in turn, a function 

of contraction time, peak twitch tension and relaxa- 
tion half-time, all of which themselves are functions of 

TFA. The tension-frequency curve of a particular 
motor unit (TFA = 166 g) is illustrated in Figure 2. 

We have thus defined the frequency-tension re- 

sponse of all the muscle units in the model. 

Figure 3 illustrates the ratio of tetanus tension to 

twitch tension for the entire set of muscle units. This 

curve would be flat but for the fact that the twitches of 

the different units do not all have the same time course. 

The range of values in the curve is from about 5.7 to 

about 10.8. Note that in McPhedran et al., study of the 

cat soleus (see McPhedran et al., 1965, p. 75), the range 
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Fig. 6. Electric circuit representation of steady-state motorneuron 

model 

of tetanus to twitch ratio was 6.4 for the smallest muscle 

unit to 10.1 for the largest. 

Figure 4 is a set of histograms for the model popula- 

tion of FDI motor units, with 4 different steady stim- 
ulating frequencies. The histograms are qualitatively 

similar to Figure 9 of McPhedran et al. (1965). 

Figure 5 represents the tension of the entire FDI 

muscle (i.e. the sum of the tensions of the individual 

motor units) when all units together are stimulated at 

the same frequency. The curve has a shape similar to 

Figure 2. Thus, our assumptions relating the frequency- 

tension curves for the individual units to the frequency- 

tension curve of an entire muscle are self-consistent. 

Properties of the Motorneurons 

In a previous paper (Traub, 1977), models of tonic 

motorneurons of different size were constructed. We 

shall briefly summarize how this was done. 

It was assumed that the soma-dendritic tree could 

be transformed into a cable by the method of Rall 

(1962), and that the neuron as a whole could be re- 

presented as a non-homogeneous cable (Dodge and 

Cooley, 1973). The soma and initial segment mem- 

branes contained Hodgkin-Huxley-like sodium and 

potassium conductances. In addition, the soma con- 

tained a “slow potassium” conductance which was 

activated during an action potential and then decayed 

approximately exponentially with time; this slow 

potassium conductance was found to determine the 
interspike intervals during firing in the “primary” 

range. 
We further assumed that all motorneurons shared 

intensive membrane properties: capacitance/cm’, leak- 

age conductance/cm’, sodium and fast and slow po- 

tassium conductance densities; and that all motor- 

neurons had the same electrotonic length (1.3) and 

Hodgkin-Huxley rate functions—except for the time 

constant of inactivation of the slow potassium con- 
ductance, denoted 1/f,. Simulations demonstrated 

that f, must depend on the size of the motorneuron; the 
reason being that, although small motorneurons have 

lower current and conductance thresholds for the onset 

of repetitive firing than large motorneurons, the slope 

of the current-firing rate curve (f —J curve) is less for 

a small motorneuron. 

The behavior of the motorneuron was then deter- 

mined by three basic parameters: input resistance 

(Rinput)s axon conduction velocity, and £,. The first 

two parameters determine the geometry of the cell and 
the last one essentially defines the dynamics of the 

slow potassium conductance. 

With a choice of these three parameters, all other 
parameters of the neuron were defined. The resulting 

non-homogeneous cable was then compartmentalized, 
generally into 5 compartments: distal dendrites, middle 

dendrites, proximal dendrites, soma and initial seg- 

ment. The dynamic behavior of this model was obtained 

by integration of the differential equations describing 

the electrical circuit equivalent to the compartmen- 
talized cylinder. The model displayed action potentials 

of appropriate time course, repetitive firing, and an 

f —I curve with primary and secondary ranges. Inputs 

to the model were either injected currents, or excitatory 

or inhibitory synaptic conductances. An excitatory 

synaptic conductance connected a 60 mV battery across 

the membrane of one or more of the dendritic compart- 
ments, while an inhibitory synaptic conductance con- 

nected a — 15 mV battery across the soma membrane. 

In the idealized case of steady repetitive firing to 
constant synaptic input conductances, the following 
further simplifications were made to produce the 
steady-state model: 1) membrane capacity and Hodg- 
kin-Huxley events underlying the action potential were 



ignored ; 2) the soma slow potassium conductance was 
turned on fully and instantaneously with an action 
potential and then decayed exponentially in time with 
time constant 1 (Be; 3) the motorneuron fired an action 
potential when the initial segment voltage reached a 
fixed threshold—but this turned out to be equivalent 
to the soma reaching a fixed threshold. The equivalent 
electrical network for the steady-state model is shown 
in Figure 6. 

The advantage of the steady-state model is that 

we can write the firing frequency f as an explicit func- 
tion of the input conductances. If P is a certain poly- 
nomial in the input synaptic conductances (P being 
determined by the parameters in the equivalent elec- 

trical circuit and the voltage threshold), then 

ip foe PaibsP>0 

f =0 otherwise 

This avoids the computation associated with inte- 
grating differential equations. 

This steady-state model predicted steady firing 

rates accurately at rates less than about 50 ips. At 

higher rates, it is not possible to ignore membrane 

capacity and the duration of the action potential 

becomes non-negligible in comparison with the inter- 

spike intervals. 

It is this steady-state motorneuron model which is 

used in this paper. 
It remains to define the basic parameters (Rinpus 

axon conduction velocity and f,) for our entire popula- 

tion of motorneurons in terms of the TFA of the corre- 
sponding motor units. Note that the axon conduction 

velocity is used only to scale the dimensions of the 

initial segment; since time is not included explicitly in 
the model, we do not use the conduction velocity per se. 
We know that 1) large motor units (ie. large TFA) 

correspond to large motorneurons (i.e. small input 

resistance); 2) large motorneurons have axons with 

large conduction velocity; 3) large motorneurons have 

a small slow potassium time constant. 
We therefore take (Table 2), for the motorneuron 

belonging to a motor unit of TFA=h, 

Rinput = 2-5 —/600 (MQ) 

axon conduction velocity = 100 — 10 (Rinpu:— 1) (m/s) 

input 

slow potassium time constant = 13.3+6.7 Rinpur (ms). 

Thus, as TFA ranges from 0 to 1000 g, Rinpur ranges 

from 2.5 to 0.83 MQ, axon conduction velocity from 

85 to 102 m/s, and slow K time constant from 30 to 

19 ms. 
Finally, we assume a voltage threshold of 8 mV 

for all of the motorneurons. 
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Table 2. Parameters for motorneuron in motor unit of 

threshold h g 

Input resistance Rinpu, (MQ) 2.5—h/600 

Voltage threshold (mV) 8 

Axon conduction velocity (m/s) 100-10 (Rin put — 

Slow potassium time constant (ms) 13.3+6.7 R; 
input 
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Fig. 8. Threshold force of activation (TFA) for the different muscle 

units. A: a priori TFA’s. B: TFA’s observed during simulation with 

the “basic program”. See text 

Figure 7 illustrates the steady firing behavior for 

the motorneuron corresponding to motor unit of 

TFA = 166 g. 
We have now determined all the basic parameters 

of the neuromuscular model. 

The “Basic Program” and Self-consistency of the Model 

One of the experiments performed by Milner-Brown 

et al. (1973c) was the following: a human subject was 

directed to produce an isometric FDI force that fol- 
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Fig. 11. Tension developed in the muscle units connecting to motor- 
neurons of Figure 10. “Basic program”. TFA’s are A: 25 g, B: 83g, 
C: 166 g, D: 307 g, E: 672 g 

lowed a triangular function of time displayed on an 

oscilloscope screen; the subject’s actual produced force 

was simultaneously displayed on the screen, so that 

the difference between desired force and produced 

force could be used to aid in the control. Milner-Brown 

et al. then observed the following: 1) independently of 

TFA, single motor units began to fire at 8.4+1.3 ips 

and increased their firing rate 1.4+0.6 for each 100g 

increase of force; 2) during slow increases in voluntary 

force, the firing rate tended to plateau. 
We idealize this experiment by assuming the sub- 

ject develops a force ramp, not necessarily linearly in 

time, sufficiently slowly so that at each time we may 

apply the steady-state models described above. We ask, 

then, if there exists a “program” of inputs to the motor- 

neuron pool, defined on suceeding time intervals, which 

produces a rising force and which recruits motor units 
at their correct TFA’s. For such a program, we can 

then determine at what rates motor units begin to fire, 

and how they increase their rate with increasing force. 

From this program, it is a simple matter to compute 
inputs which cause the muscle force to rise linearly in 

time, although this adds no new information. 
A conclusion of our earlier paper was that the size 

principle can arise if input is distributed to a pool of 

motorneurons so that the same conductance changes 

are induced on electrotonically equivalent portions of 

all the neurons in the pool. For this reason, we take as 

our “basic program” the following: 1) at each time 

interval, the same excitatory conductance is delivered 

to all 3 dendritic compartments of all 120 motor- 

neurons; 2) at time interval i, this conductance in 

mmhos is 3 x 10-°+ix 10° on each compartment; 
3) there is no inhibition. (Note that 1mmho= 
10-3 mhos.) 

Figures 8 through 12 illustrate the results of this 

“basic program”. Figure 8, Curve A, shows the a priori 

threshold force of activations used in the basic construc- 

tion, while Curve B shows the actual force thresholds 

for this program. The curves generally agree, although 

the smaller units (high unit numbers) are recruited at 

forces somewhat too small. Modulo this minor error, 
the model is seen to be basically consistent. 

Figure 9 illustrates the total force for each time 
interval. The force “saturates” at about 900 g, showing 
that this model does not apply to forces this large or 
larger; reasons for this will be discussed later. (A 
separate computation shows that with all muscle units 
maximally stimulated, the total force is 963 g.) This 
figure can be used to find a sequence of inputs that will 
cause the total force to rise linearly with time (up to a 
peak of less than 900 g). 

Figure 10 shows the firing rates of selected units at 
each time interval, the curves corresponding, from left 
to right, to units of TFA 25, 83, 166, 307, and 672 g re- 



spectively. The minimum firing rate is not rigorously 
defined, but if we estimate it to be where the “elbow” of 
the curves are, the minimum rates will be 8—10 ips. 
If we were to graph all of the curves for all of the motor 
units, most would be toward the left side of the figure, 
because the distribution of motor units is skewed 
toward those with small TFA. Note that with this 
“basic program”, the fusion frequency of the larger 
motor units (i.e. about 70 ips) is not approached,’ the 
entire operating range of firing rates being here about 
8—30 ips. 

Figure 11 illustrates the force produced by the same 

motor units of Figure 10. Most of the motor units 

eventually produce their maximum tension with this 
input program. 

Finally, Figure 12 illustrates firing rate as a function 
of force for these same 5 motor units. Recall again that, 

were we to draw curves for all of the motor units, most 

of the curves would fall to the left of Curve C. The 
slopes of the linear parts of the curves shown, in ips 

per 100s, are2A 1.2;B 1.4, C 1.7, D 2.1, E 5.3. Thus, for 

most of the units over most of the range considered, the 

slope of the force-frequency curve is in the range of 

1.4ips per 100g observed by Milner-Brown et al. 

(1973c). The exceptions occur with larger units and 

larger forces. Note that the firing rates do not plateau 

with this “input program”; this may be a result of our 

omission of feedback. 
Figure 13 illustrates force as a function of time 

interval for two similar programs, one consisting of 

input only to proximal dendrites and the other of in- 

put only to distal dendrites. This demonstrates that 

“pure distal” and “pure proximal” programs can be 
constructed that will cause total tension to rise linearly; 

however, both of these programs exaggerate the ten- 

dency of small units to be recruited at force levels that 

are too small. 
Another conceivable program would deliver input 

to all motorneurons in proportion to their surface area: 

Let S(i) denote the area of motorneuron number i. 

The program which we shall consider delivers to all 

dendritic compartments of motorneuron i during time 

interval j (in mmhos): 

(10° ++ 8) x 107 7) x S(@/S(1). 

The results of this program are shown in Figure 14. 

Note that the largest units are recruited at the smallest 

forces and vice versa. Thus, a program of input pro- 

portional to surface area seems unlikely (if the assump- 

tions of our model are at all reasonable). 

Input-output Relations of the Neuromuscular System 

Figure 15 illustrates the isometric tension developed 

in the FDI muscle when all motorneurons in the pool 

receive the same excitatory conductance (equally dis- 
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dendrites only. Further details in text 

tributed among the dendritic compartments) and also 
the same inhibitory conductance. The surface in Fig- 

ure 15 resembles a smoothed version of the correspond- 
ing surface for a single motorneuron (Figure 7), 

although the muscle surface is rounded and flattened 

due to “saturation”. 

Discussion 

Our model of the isometric FDI neuromuscular system 

suggests 1) a plausible distribution of parameters 

(Rinpuv etc.) for the motorneuron pool; and 2) an input 

program (the “basic program”) to the motorneuron 

pool that yields motor unit TFA’s close to our “a 
priori TFA’s” (actually based on the observations of 

Milner-Brown et al.). 
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However, the model does not yield forces greater 

than 963 g even when all the muscle units are maximally 

stimulated. This suggests either 1) the distribution of 

tonic motorneurons used contains too few large motor- 

neurons; and/or 2) phasic motorneurons, not included 

in this model, are important at forces greater than about 

1 kg. Our steady-state assumptions will not apply to 
phasic motorneurons. 

Note that the “basic program” can not be used 

universally. Thus, Tanji and Kato (1973), studying 

isometric tensions in human abductor digiti minimi, 

found that motor units recruited at low tensions 

developed higher firing rates than motor units re- 
cruited at large tensions. This suggests a role of in- 

hibitory feedback on the large motorneurons. This 

finding of Tanji and Kato also suggests that our as- 

sumption concerning the lower fusion frequency of 

small muscle units vis a vis large ones needs to be 

checked experimentally [see (4) below]. 

If the CNS does use the “basic program”, then one 

function of the spinal interneurons might be to “decode” 

commands from the brain so as to induce equivalent 

conductance changes on all the motorneurons. Thus, 

if the mean density of synapses is the same for motor- 

neurons of different size, this requires that the synapses 

on small motorneurons be stimulated at higher fre- 

quency than the synapses on large motorneurons; the 

spinal interneurons might perform this function. 

We shall now discuss some of the assumptions and 

limitations involved in our construction. 
1) We postulated a relation between motorneu- 

ronal parameters (input resistance and slow K in- 
activation) and motor unit TFA. Note that TFA is 

defined in terms of a human performing voluntary 

actions. Conceivably, our postulated relation could be 

tested in a trained primate. 
2) We ignore feedback from afferent receptors and 

from Renshaw cells. Such feedback might be expected 

to lower the firing rates of the larger motorneurons, 

as suggested in the observations of Tanji and Kato 

noted above. To include this feedback requires data on 

Renshaw, y-motorneuronal and Ia activity during fine 

voluntary movements, presumably in primates. It also 

will significantly increase the complexity of the simula- 

tion algorithms. Nevertheless, an extension in this 

direction is essential for real understanding of motor 

control. 

3) We ignore the effects of motorneuronal bursts, 

doublets, etc., and of history-dependent response in 

muscle fibers. We ignore phasic motorneurons and 

restrict our attention to isometric contractions. Here 

is required a quantitative understanding of how in- 

dividual motor units respond to arbitrary physiological 

loads and neuronal inputs, a very difficult matter in- 

deed. Again, even with such an understanding, the 

computation will become orders of magnitude more 
difficult. 

4) We derive the frequency-force function for the 

different-sized motor units by extrapolating data from 

the whole cat soleus muscle. Experimental complete 

frequency-force curves for individual cat or primate 

motor units of different size can, in principle, be ob- 

tained. This data would increase the accuracy of the 

model without adding to its complexity. 
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Funktionsschema zur Beschreibung der subjektiven Bewertung 
von Schallanderungen 

W. Suchowersky] 

Lehrstuhl fiir Elektroakustik der Technischen Universitat Miinchen, BRD 

Model of the Subjective Evaluationof Sound Variations 

Abstract. Periodic changes of different sound param- 

eters can be compared using the strength of the 

fluctuation sensation as common criterion. The model 
porposed describes the relation between the fluctua- 

tion sensation and the sound changes. The first stage 

of the model, which detects level differences within 

critical bands produced by the parameter changes in 

the sound spectrum, is followed by a weighting, 

squaring and summing network, providing at its 

output a signal proportional to the subjective fluctua- 
tion strength. This model is applied to predict equi- 

valent parameter variations, 1.e. variations which 

produce the same fluctuation strength, e.g. equivalent 

changes of sound pressure level and of cut-off fre- 

quency of filtered noise. The predictions of the model 

are in good agreement with corresponding experi- 

mental results. The model can also be applied to 

describe subjective differences between steady sounds. 

1. Einfiihrung 

Uberschwellige Anderungen der physikalischen Para- 

meter von akustischen Signalen lassen sich auch dann 

subjektiv miteinander vergleichen, wenn sie zu Ande- 
rungen verschiedenartiger H6rempfindungen fuhren. 

Versuchspersonen k6nnen z. B. angeben, ob der Ton- 

hohen- oder der Lautstarkeunterschied zwischen 

aufeinanderfolgenden Sinust6nen subjektiv groBer er- 

scheint (Terhardt, 1968a), und sie k6onnen diese 

Unterschiede relativ zu einem Standard durch Zahlen- 

angaben schatzen (Carvellas u. Schneider, 1972). 

Dadurch ist es mdglich, die subjektive Bewertung 

von Schallanderungen systematisch zu untersuchen 

und quantitativ zu beschreiben (Suchowerskyj, 1975, 

1976, 1977a, b). Im folgenden wird ein Funktions- 

schema vorgeschlagen, das es erlaubt, Schallanderun- 

gen hinsichtlich ihrer subjektiven Bewertung abzu- 

schatzen und in eine Rangfolge zu bringen. Solche 

Abschatzungen k6nnen beispielsweise bei der Behand- 
lung von Problemen der Informationsiibertragung 

durch akustische Signale und bei der Klassifikation 

von Sprachlauten Verwendung finden. 
Der Umstand, daf& Anderungen verschiedenartiger 

Horempfindungen miteinander verglichen werden 
konnen, laBt auf die Existenz eines tbergeordneten 

Entscheidungskriteriums schlieBen. Solch ein Kri- 

terium ist z. B. die ,Sschwankungsstarke*. Langsame 

periodische Schallanderungen rufen die Empfindung 

»ochwankungsstarke“ hervor (Zwicker, 1962; Ter- 

hardt, 1968b). Diese ist psychophysikalisch skalierbar 

(Terhardt, 1968c). Der Vergleich von periodischen 

Anderungen verschiedener Schallparameter erfolgt 

demnach mit Hilfe des gemeinsamen Kriteriums 

»schwankungsstarke”. 

Experimente zur subjektiven Bewertung von 

Schallanderungen wurden so durchgefihrt, daB zu 

jeder Anderung eines bestimmten physikalischen 

Schallparameters diejenige Anderung eines anderen 
Parameters ermittelt wurde, die im Mittel subjektiv 

gleich groB erschien (Suchowerskyj, 1977b). Solche 

Anderungen wurden als dquivalent bezeichnet. Die 

Zusammenhange zwischen einander 4quivalenten Pa- 

rameteranderungen wurden in Form von Aquivalenz- 

funktionen angegeben. Die vor allem mit verschiedenen 

Rauschspektren angestellten Versuche fuhrten im 

wesentlichen zu folgenden Ergebnissen: 

1. Periodische Anderungen verschiedener physi- 

kalischer Parameter eines Schalles sind subjektiv 

aquivalent, das heift, sie erzeugen die gleiche sub- 

jektive Schwankungsstarke, wenn sie die gleiche An- 
zahl von Unterschiedsschwellen umfassen. 

2. Bei breitbandigen Schallen setzt sich die sub- 

jektive Schwankungsstarke aus Beitragen verschiede- 

ner Teile des Schallspektrums zusammen. 
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Abb. 1. Funktionsschema fiir den Zusammenhang zwischen dem 

Schalldruck p(t) und der subjektiven Schwankungsstarke S. Er- 

lauterungen im Text 

3. Beitrage hochfrequenter Spektralanteile werden 

subjektiv starker bewertet als Beitrage tieffrequenter 

Teile. 
Wenn es gelingt, die Zusammenhange zwischen 

den Anderungen des Schallspektrums und der daraus 
resultierenden Schwankungsstarke allgemein zu for- 

mulieren, so lassen sich diejenigen Bedingungen vor- 

aussagen, unter denen periodische Schallanderungen 

als subjektiv 4quivalent beurteilt werden. Nachstehend 

wird ein Funktionsschema der subjektiven Schwan- 

kungsstairke beschrieben, mit dessen Hilfe Aquiva- 

lenzfunktionen fiir periodische Schallanderungen be- 

rechnet werden kénnen. Die berechneten Aquivalenz- 

funktionen werden mit experimentell ermittelten Da- 

ten verglichen. AbschlieBend wird gezeigt, da mit 

diesem Funktionsschema auch die Beurteilung von 

diskontinuierlichen Parameteranderungen zwischen 
aufeinanderfolgenden stationaren Schallen beschrie- 

ben werden kann. 

2. Das Funktionsschema 

Das in Abb. 1 dargestellte Funktionsschema dient 

der zusammenfassenden Darstellung der Beziehungen 

zwischen dem Schallreiz und der Empfindung Schwan- 

kungsstarke. Eine Vorverarbeitungsstufe transformiert 

die Zeitfunktion p(t) des Schalldrucks in ein zeit- 

abhangiges Erregungspegel-Tonheitsmuster L,(z, t). 

Diese Transformation beriicksichtigt im wesentlichen 

das spektrale Auflosungsverm6gen des Gehors. Das 

Erregungspegel-Tonheitsmuster wird aus Messungen 

der Mithdrschwelle hergeleitet. Der Zusammenhang 

zwischen Schallspektrum und Erregungspegel ist an 

anderer Stelle bereits ausfiihrlich beschrieben (Zwicker, 

1958: Maiwald, 1967; Zwicker u. Feldtkeller, 1967). 

Als Beispiel ist in Abb. 1 der Erregungspegel L, eines 

TiefpaBrauschens als Funktion der Tonheit z dar- 

gestellt (gestrichelt). Eine Einheit der Tonheitsskale z 

(1 Bark) entspricht der Breite einer Frequenzgruppe, 

die wiederum eine Grenze des spektralen Auflosungs- 

vermégens des Gehors reprasentiert. Im horbaren 

Frequenzbereich lassen sich 24 Frequenzgruppen 

liickenlos aneinanderreihen. Die quantitativen Be- 

ziehungen zwischen Tonheit z und Frequenz f konnen 

aus den beiden Abszissenskalen in Abb. 2a ent- 

nommen werden. 

Das Erregungspegel-Tonheitsmuster wird an 24 

aquidistanten Stellen der Tonheitsskale abgenommen 

und in 24 Kandlen weiterverarbeitet. Aus der Zeit- 

funktion des Erregungspegels L,; bei der Tonheit z; 

wird mit Hilfe eines Diskriminators die Pegelschwan- 

kung AL,; gewonnen. AL,,; ist die Differenz zwischen 

Maximal- und Minimalwert der periodischen Zeit- 
funktion L,,t) des Erregungspegels. Diese GroBe 

wird mit einem von der Tonheit z abhangigen Faktor 

a; bewertet und anschlieBend quadriert. Die Summe 

der 24 Ausgangssignale ergibt die subjektive Schwan- 

kungsstarke S: 

24 

S= s (a;ALg;)° - (1) 
Pr=1 

Die einzelnen Funktionen des Schemas beruhen auf 

folgenden Erkenntnissen. 

1) Aus experimentellen Untersuchungen ergab 

sich, dai die subjektive Schwankungsstarke aus Bei- 

tragen verschiedener Teile des Schallspektrums ge- 

bildet wird, ebenso wie die H6rempfindungen Laut- 

heit und Rauhigkeit. In Analogie zu einem gemein- 

samen Funktionsschema der Lautheit und der Rauhig- 

keit (Vogel, 1975), bei dem sich das Erregungspegel- 

Tonheitsmuster L,(z) als geeignete Zwischengr6Be 

erwiesen hat, wurde auch hier eine Verarbeitung in 

frequenzgruppenbreiten Bandern angenommen. 

2) Die Skalierung der subjektiven Schwankungs- 

starke von amplitudenmodulierten Sinusténen ergab, 

daB die Schwankungsstarke dem Quadrat des Modu- 

lationsgrades m proportional ist (Terhardt, 1968c). 

Andererseits ist die Pegelschwankung AL amplituden- 

modulierter Tone bis zu Modulationsgraden von 

etwa 60% dem Modulationsgrad proportional (vel. 
Zwicker u. Feldtkeller, 1967) und das Gehér kann den 
Pegelanderungen bei kleinen Modulationsfrequenzen 

recht gut folgen (Zwicker, 1976; Fastl, 1976). Die Wahl 
des quadratischen Zusammenhangs zwischen Schwan- 
kungsstarke und Pegelschwankung erscheint demnach 
als sinnvoll. 



3) Der Bewertungsfaktor « beriicksichtigt, daB 
Pegelschwankungen in hochfrequenten Spektralbe- 
reichen starker bewertet werden als in tieffrequenten 
Bereichen. Ein solches Verhalten des Gehirs ist auch 
aus MithOrschwellenmessungen bekannt: Bei breit- 
bandigem Rauschen nimmt die innerhalb einer Fre- 
quenzgruppe eben wahrnehmbare Pegelinderung, das 
sogenannte SchwellenmaB AL,, von hohen nach tiefen 
Frequenzen um etwa den Faktor 2,2 zu (Scholl, 1961: 
Zwicker u. Feldtkeller, 1967). Das Schwellenma8 AL, 
gehorcht in guter Naherung der Beziehung 

dB 
AL,(z)=2,2 dB—0,05 Bark 2" (2) 

Der Bewertungsfaktor « wurde fiir Rauschen versuchs- 
weise festgelegt zu 

1 

AL,(2) ©) 
a(z)= 

Um die Berechnung der subjektiven Schwankungs- 

starke zu vereinfachen, ist es zweckmaBig, das Auf- 
summieren von Teilbetragen gemaB (1) durch eine 

Integration tiber der Tonheit z zu ersetzen. Ent- 

sprechend (1) gilt dann fiir die subjektive Schwan- 

kungsstarke 

24 Bark 

s= | 
0) 

a?(z)A L2(z)dz/Bark . (4) 

3. Die Berechnung subjektivy aquivalenter 

Schallanderungen 

Mit Hilfe der in Abschnitt 2 getroffenen Verein- 

barungen lat sich in vielen Fallen der Zusammen- 

hang zwischen den Anderungen des Schallspektrums 

und der daraus resultierenden subjektiven Schwan- 

kungsstarke algebraisch formulieren. Um die Be- 
dingungen zu ermitteln, unter denen periodische 

Anderungen zweier verschiedener Parameter eines 

Schalles subjektiv aquivalent erscheinen, d. h. die 

gleiche subjektive Schwankungsstarke erzeugen, sind 

zuniachst die beiden mathematischen Ausdriicke fir 
die Schwankungsstiarke aufzustellen und anschlieBend 

gleichzusetzen. Dieses Vorgehen wird im folgenden 

anhand eines Beispieles erlautert, bei dem das rech- 
nerische Ergebnis mit entsprechenden Versuchsergeb- 

nissen verglichen werden kann. 
In Abb. 2a ist schematisch das Spektrum eines 

breitbandigen Rauschens dargestellt, welches sich aus 

einem TiefpaBrauschen (durchgezogen) und einem 

HochpaBrauschen (gestrichelt) zusammensetzt. Auf- 

getragen ist der Anregungspegel L,, d. h. der Pegel 

der in jeweils eine Frequenzgruppe fallenden Intensitat 

des Rauschens, als Funktion der Tonheit z. Der 

Erregungspegel L, kann fiir den vorliegenden Zweck 

Me 
ae hadi 
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Abb. 2. a Anregungspegel ZL, eines breitbandigen Testschalles, 

zusammengesetzt aus einem TiefpaBrauschen (durchgezogen) und 

einem HochpaBrauschen (gestrichelt), als Funktion der Tonheit z 

bzw. der Frequenz f, Die Pegel der beiden Rauschanteile wurden 

entweder allein (AL,, 4L,) oder gemeinsam (4L) mit 4 Hz Modu- 

lationsfrequenz variiert. b Aquivalente Pegelschwankung AL des 

gesamten Rauschens als Funktion der Pegelschwankung 4L, des 

tieffrequenten Anteils (Kreise, durchgezogene Gerade) und als 

Funktion der Pegelschwankung AL, des hochfrequenten Anteils 

(Quadrate, gestrichelte Gerade). e Aquivalente Pegelschwankung 

AL, des hochfrequenten Rauschanteils als Funktion der Pegel- 

schwankung AL, des tieffrequenten Rauschanteils. Die eingetrage- 

nen MeBwerte sind Zentralwerte und Quartile der aus jeweils 

288 Aussagen von 6 Versuchspersonen gewonnenen psychometri- 

schen Funktionen. Die dargestellten Aquivalenzgeraden wurden 

mit Hilfe des Funktionsschemas berechnet 

mit ausreichender Naherung gleich dem Anregungs- 
pegel Ly, gesetzt werden. Die beiden spektralen 

Hiillkurven schneiden sich bei der Tonheit 12 Bark, 

d. h. beide Teilgerausche bedecken jeweils dieselbe 

Anzahl von Frequenzgruppen. 

Bei den Experimenten wurden die Pegel der beiden 

Rauschanteile einzeln oder gemeinsam mit 4 Hz modu- 

liert (Suchowersky], 1977b). Es wurde ermittelt, unter 

welchen Bedingungen periodische Pegelanderungen 

des tieffrequenten Rauschanteils (4L,), des hoch- 

frequenten Rauschanteils (4Z,) und des gesamten 

Rauschspektrums (AMZ) zu subjektiv gleich groBen 

Schwankungsstarken fiihrten. Abbildung 2c zeigt bei- 



Abb. 3a—d. Anregungspegel L, eines Tiefpafrauschens als Funk- 

tion der Tonheit z (gestrichelt). Schraffierte Bereiche: Extremwerte 

des Anregungspegels bei Modulation des Pegels a, der Grenzfre- 

quenz b, und bei gleichzeitiger Modulation des Pegels und der 

Grenzfrequenz in Gegenphase ¢ oder in Phase d 

spielsweise die Ergebnisse fiir den Vergleich der 

tief- und der hochfrequenten Pegelanderungen AL, 

bzw. AL,. Im Gebiet oberhalb der dick durchgezoge- 

nen Geraden fiihren iiberwiegend die Pegelanderungen 

AL,, darunter die Pegelanderung AL, zu einer sub- 

jektiv groBeren Schwankungsstarke. Die Gerade stellt 

eine Grenze dar, bei der die beiden Pegelanderungen 

im Mittel als subjektiv 4aquivalent beurteilt werden. 

Sie wird deshalb als Aquivalenzgerade bezeichnet. 
Die MeBwerte liegen deutlich unterhalb der diinn 

eingetragenen Winkelhalbierenden 4L,=AL,. Um 
die gleiche subjektive Schwankungsstarke zu erzeugen, 

muB also die Pegelschwankung AL, des tieffrequenten 

Rauschanteils wesentlich groBer sein als eine Pegel- 

schwankung AL, des hochfrequenten Rauschanteils. 

Auf entsprechende Weise lassen sich die in Abb. 2b 

dargestellten Ergebnisse fiir den Vergleich von AL 

mit 4L, bzw. AL, interpretieren. 

Die in Abb. 2 dargestellten Aquivalenzgeraden 

wurden mit Hilfe des Funktionsschemas folgender- 

maen berechnet: Bei Modulation des gesamten 

Rauschspektrums ist die Erregungspegelschwankung 

AL; im gesamten Tonheitsbereich konstant gleich 
der Pegelschwankung AL. Mit (4) gilt also fiir die 
Schwankungsstarke 

24 Bark 

S=AL- | *-a?(z)dz/Barky (5) 
(0) 

Bei Modulation des tieffrequenten Rauschanteils ist 

AL, im Bereich zwischen 0 und 12 Bark konstant 
gleich AL, und dariiber gleich Null. Somit gilt in 
diesem Fall: 

12 Bark 

S,=AL;j ) 
(0) 

o?(z)dz/Bark . (6) 

Analog dazu ist fur die Schwankungsstirke S$, bei 
Modulation des hochfrequenten Rauschanteils eine 

Integration zwischen 12 und 24 Bark durchzufihren. 

24 Bark 

SS=Ab, | 
12 Bark 

o?(z)dz/Bark . (7) 

Durch Gleichsetzen von (5) und (6) erhalt man nach 

numerischer Auswertung der Integrale: 

AL=0,56AL, (8) 

und entsprechend 

AL=0,834L,, (9) 

AL, =0,67 AL, . (10) 

Die aus Abb. 2 ersichtliche Ubereinstimmung dieser 

berechneten Aquivalenzgeraden mit den MeBergeb- 

nissen ist als erste Bestatigung fiir die Richtigkeit der 

dem Funktionsschema zugrundeliegenden Annahmen 

Zu werten. 

4. Weitere Beispiele 

Anhand einiger weiterer Beispiele soll gepriift werden, 

ob das in Abschnitt 2 vorgeschlagene Funktions- 

schema zutreffende Voraussagen iiber die subjektive 
Bewertung von Schallanderungen liefert. Hierzu wer- 

den die experimentellen Daten aus mehreren mit 
TiefpaB- und HochpaBrauschen durchgefiihrten Ver- 

suchsreihen den berechneten Aquivalenzbeziehungen 

gegeniibergestellt. Einzelheiten der Berechnungen sind 

an anderer Stelle ausfiihrlich beschrieben (Sucho- 

werskyj, 1976), ebenso Methodik und Versuchser- 

gebnisse (Suchowersky], 1977b). 

Die Versuchsbedingungen seien anhand der in 

Abb. 3 dargestellten Spektren (vgl. Abb. 2a) erlautert. 

Aus gleichmaig anregendem Rauschen (vgl. Zwicker 

u. Feldtkeller, 1967) wurde ein TiefpaBrauschen aus- 

geschnitten, dessen Pegel und Grenzfrequenz un- 

abhangig voneinander mit 4Hz moduliert werden 

konnten. Den Versuchspersonen wurden nachein- 
ander ein Test- und ein Vergleichsschall dargeboten. 

Bei dem Testschall war entweder nur die Grenz- 

frequenz (b) oder gleichzeitig Grenzfrequenz und 

Pegel moduliert, und zwar in einer Versuchsreihe 

gegenphasig (c), in einer zweiten Versuchsreihe gleich- 

phasig (d). Bei dem Vergleichsschall wurde immer nur 

der Pegel moduliert (a). Die Versuchspersonen hatten 

anzugeben, welcher der beiden Schalle die gréBere 
subjektive Schwankungsstarke aufwies. Bei dem in 

Abb. 3c dargestellten Fall wurde das Verhdltnis der 

Pegel- und der Grenzfrequenzainderungen so gewahlt, 

daB im Bereich der Filterflanke keine Anderungen des 

Anregungspegels L, auftraten. Die Bedingung hierfiir 

ergab sich aus dem Dampfungsanstieg des verwendeten 
Filters (11 dB/Bark). 

Die Mefergebnisse sind gemeinsam in Abb. 4a 
dargestellt. Die eingetragenen Aquivalenzgeraden wur- 
den gemaf (4) berechnet. Aufgetragen ist die Aqui- 



valente Pegelschwankung AL, des Vergleichsschalles 
als Funktion der Pegelschwankung AL, bzw. der 
Grenzfrequenzschwankung des  Vergleichsschalles, 
umgerechnet in eine Tonheitsdifferenz Azyr. Zum 
Vergleich ist diinn durchgezogen die Winkelhalbieren- 
de AL,y=4AL, eingetragen. Kreise symbolisieren die 
Ergebnisse fiir konphase Modulation des Pegels und 
der Grenzfrequenz (gestrichelte Gerade, vel. Abb. 3d), 
Quadrate fiir gegenphasige Modulation (strichpunk- 
tierte Gerade, vgl. Abb. 3c). Die Dreiecke reprasen- 
tieren die Resultate fiir Testschalle, bei denen nur die 
Grenzfrequenz moduliert war (Abb. 3b). In diesem 

Fall kann die Skale fiir AL; als die durch AZgr erzeugte 
Schwankung des Anregungspegels im Bereich der 
Filterflanke gedeutet werden. 

Bei der Berechnung der Aquivalenzgeraden war 

zu beriicksichtigen, daB die Frequenzbereiche ober- 

halb derjenigen Stelle, bei der der Anregungspegel 

die RuhehOrschwelle unterschreitet, keine Beitrage 
zur resultierenden Schwankungsstarke liefern. AuBer- 

dem wurde die Schwankung AL, des Erregungspegels 

unterhalb bzw. oberhalb der Grenzfrequenz jeweil als 

konstant angenommen. Die berechneten Aquivalenz- 

geraden stimmen mit den MeBergebnissen recht gut 

uberein. Pegelanderungen nur unterhalb der Grenz- 

frequenz (strichpunktierte Aquivalenzgerade) oder nur 

oberhalb der Grenzfrequenz (durchgezogene Gerade) 

erzeugen eine geringere Schwankungsstarke als Pegel- 

anderungen des gesamten Spektrums (Winkelhal- 

bierende). Bei starkerer Modulation im Bereich der 

Filterflanke nimmt die Schwankungsstarke weiter zu 

(gestrichelte Aquivalenzgerade). 
Die entsprechenden Ergebnisse fiir Hochpaf- 

rauschen sind in Abb. 4b dargestellt. Hier bleibt die 

Filterflanke bei konphaser Modulation unmoduliert. 

Daher liegen die entsprechenden Mefergebnisse (Krei- 

se) unterhalb der Winkelhalbierenden. Der EinfluB 

der Phasenlage ist bei dem HochpaBrauschen trotz 

gleicher Grenzfrequenz wesentlich geringer als beim 

TiefpaBrauschen. Da der Bewertungsfaktor mit zu- 
nehmender Frequenz ansteigt, sind bei Hochpab- 
rauschen die Beitrage zur Schwankungsstarke aus dem 

Bereich der Filterflanke (unterhalb der unteren Grenz- 

frequenz) geringer und die Beitrage aus dem Gebiet 

oberhalb der Grenzfrequenz gr6Ber. Das verdeutlicht 

auch die geringe Steigung der Aquivalenzgeraden 

fiir die Testschalle, bei denen nur die Grenzfrequenz 

moduliert war (Dreiecke). Auch hier stimmen die 

berechneten Aquivalenzgeraden mit den MeBergeb- 

nissen gut tiberein. 

Neben den Versuchen mit kontinuierlichen, perio- 

dischen Schallanderungen wurden auch Experimente 

mit diskontinuierlichen Unterschieden zwischen auf- 

einanderfolgenden, stationaren Schallen durchgefuhrt 

(Suchowerskyj, 1977a). Den Versuchspersonen wurden 

dabei je zwei Paare von Schallen dargeboten, die sich 

jeweils beziiglich eines anderen Parameters unter- 
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Abb. 4a. u. b. Aquivalente Pegelschwankung AL, eines Vergleichs- 

schalles als Funktion der Schwankung der Grenzfrequenz des 

Testschalles, umgerechnet in Tonheitsschwankungen Az,; (Drei- 

ecke, durchgezogene Gerade), und als Funktion der Pegelschwan- 

kung AL, bei gleichzeitiger Modulation des Pegels und der 

Grenzfrequenz des Testschalles gemafs Abb. 3 in Phase (Kreise, 

gestrichelte Gerade) oder Gegenphase (Quadrate, strichpunktierte 

Gerade) bei Tiefpafrauschen a und Hochpafsrauschen b, jeweils 

mit der Grenzfrequenz f,=1,25kHz. Mebwerte fiir 6 Versuchs- 

personen wie Abb. 2. Die diinnen Linien sind die Winkelhalbieren- 

den ALy=AL,. Die eingetragenen Aquivalenzgeraden wurden mit 

Hilfe des Funktionsschemas berechnet 

schieden. Die Versuchspersonen hatten anzugeben, 

welches der beiden Paare subjektiv den groferen 

Unterschied aufwies. Diese Experimente fihrten zu 

quantitativ vergleichbaren Ergebnissen. Es liegt daher 

nahe, das in Abschnitt 3 beschriebene Verfahren zur 

Berechnung subjektiv 4quivalenter Schallanderungen 

auch fur den Fall diskontinuierlicher Unterschiede 
zwischen aufeinanderfolgenden Schallen anzuwenden. 

In Abb. 5 ist das Ergebnis solcher Versuche mit 

HochpaBrauschen dargestellt. Aufgetragen ist der 

aquivalente Pegelunterschied AL des einen Schall- 

paares als Funktion des Grenzfrequenzunterschiedes 
Af, des anderen Schallpaares, umgerechnet in eine 

Tonheitsdifferenz 4z,. Kreise symbolisieren die Meb- 

werte bei einem Bezugspegel von L)=60dB und bei 

der Grenzfrequenz fjo=1kHz, Quadrate die Ergeb- 

nisse fiir Ly) = 52 dB und f,, = 700 Hz. Die berechneten 

Aquivalenzgeraden stimmen mit diesen Ergebnissen 

gut tiberein. Bei dem HochpaBrauschen mit der 

Grenzfrequenz fj. =700 Hz ist wegen des geringeren 

Pegels der tiber der Ruhehdrschwelle liegende Bereich 

der Filterflanke kleiner als bei dem Rauschen mit 
fyo=1kHz. Der Flankenbereich liegt auferdem bei 
tieferen Frequenzen. Aus diesen beiden Griinden 

werden nach dem Funktionsschema die Pegelunter- 

schiede im Flankenbereich des HochpaBrauschens 

bei 700 Hz geringer bewertet als bei 1 kHz. Die Aqui- 
valenzgerade fiir fj) = 700 Hz (gestrichelt) verlauft 

daher flacher als die Aquivalenzgerade fur fjg = 1 kHz. 

Dieses Beispiel mag verdeutlichen, dafi mit Hilfe des 

vorgeschlagenen Funktionsschemas auch die Bewer- 

tung von Unterschieden zwischen aufeinanderfolgen- 

den Schallen beschrieben werden kann. 
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Abb. 5. Aquivalenter Pegelunterschied AL eines Paares von statio- 

naren Testschallen als Funktion des Grenzfrequenzunterschiedes 

Af, eines zweiten Testschallpaares, umgerechnet in eine Tonheits- 

differenz 4z,. Testschalle waren Hochpafrauschen mit dem Bezugs- 

pegel L)>=60dB und mit der Grenzfrequenz f,,=1kHz (Kreise, 

durchgezogene Gerade) bzw. Ly = 52 dB und fj) = 700 Hz (Quadrate, 

gestrichelte Gerade). MeBwerte fiir 6 Versuchspersonen. Die ein- 

getragenen Aquivalenzgeraden wurden mit Hilfe des Funktions- 

schemas berechnet 

5. SchluBbemerkungen 

Es wurde ein Funktionsschema vorgeschlagen, das 

den Zusammenhang zwischen periodischen Anderun- 

gen des Schallspektrums und der dabei wahrnehm- 

baren subjektiven Schwankungsstarke quantitativ be- 

schreibt. Mit Hilfe dieses Schemas konnten rechnerisch 

diejenigen Bedingungen ermittelt werden, unter denen 

Anderungen verschiedener Parameter eines Schalles 

zu der gleichen subjektiven Schwankungsstarke fiih- 

ren und deshalb subjektiv 4quivalent erscheinen. Fiir 

eine Reihe von Beispielen wurde gezeigt, dab die 

rechnerischen Ergebnisse sehr gut mit den vorliegen- 

den Versuchsergebnissen Ubereinstimmen. Die dem 

Funktionsschema zugrundeliegenden Annahmen er- 

wiesen sich insoweit als zweckmabBig. 

Die beim Vergleich zwischen Messung und Be- 

rechnung angefiihrten Beispiele bezogen sich aus- 

schlieBlich auf Versuche mit Rauschspektren. Der 

Grund dafiir besteht darin, daB der Zusammenhang 

zwischen Schallspektrum und Erregungspegel-Ton- 

heitsmuster z. B. fiir Linienspektren oder Sinusténe 

nur unzureichend bekannt ist (Sch6ne, 1977). Unter 

grob vereinfachenden Annahmen ist jedoch auch bei 

Sinust6nen eine Ubereinstimmung zwischen Rech- 
nung und Versuchsergebnis erzielbar (Suchowerskyj, 
1976). 

Das Funktionsschema ist nicht nur bei periodi- 

schen Schallanderungen anwendbar, vielmehr konnte 

gezeigt werden, da es auch fiir die Beschreibung 

aquivalenter Unterschiede zwischen aufeinanderfol- 

genden, stationaéren Schallen geeignet ist. Das vor- 

geschlagene Schema ist offenbar von allgemeiner 

Bedeutung und beschreibt im Ansatz die Verarbeitung 

von beliebigen Anderungen des Schallspektrums. 

Ich danke Herrn Prof. Dr.-Ing. E. Zwicker fiir zahlreiche Rat- 

schlige bei der Durchfiihrung der Experimente. Herrn Dr.-Ing. 

E. Terhardt danke ich fiir wertvolle Hinweise bei der Durchsicht des 

Manuskripts. Diese Arbeit wurde von der Deutschen Forschungs- 

gemeinschaft im Rahmen des Sonderforschungsbereiches ,,K yber- 

netik* (Miinchen) gefordert. 
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Abstract. The present paper looks for possible neural 
mechanism underlying such high-level brain function- 
ing as association and concept-formation. Primitive 
neural models of association and concept-formation 
are presented, which will elucidate the distributed and 

multiply superposed manner of retaining knowledge 
in the brain. The models are subject to two rules of 

self-organization of synaptic weights, orthogonal and 

covariance learning. The convergence of self-organiza- 
tion is proved, and the characteristics of these learning 

rules are shown. The performances, especially the 
noise immunity, of the association net and concept- 
formation net are analyzed. 

I. Introduction 

A typical “neural theory” builds a model of a specific 

portion of the brain in the beginning, and predicts the 
functioning of that portion by computer-simulated ex- 

periments. We, however, do not intend to build a model 

of a specific portion at the present stage. We rather 

intend to figure out possible neural mechanisms of 

learning, storing and using knowledge which might 

be found widely in the brain in various versions. We 

search for such mechanisms of distributed and multiply- 
superposed information processing as might underlie 

neural association and concept-formation. These mech- 

anisms will help us in building more realistic models 

at the next stage. 
The present work is a development of the model, 

consisting of mutually connected bistable neuron pools, 

proposed by Amari (1971) and partly analyzed in 

Amari (1972a). In order to make mathematical analysis 

tractable, the model is kept as simple as possible as 

* This research was supported in part by a grant by the Sloan 

Foundation to the Center for Systems Neuroscience, University of 

Massachusetts 

long as the essential features are not missed. This is a 

common attitude of the author’s neural researches 
(Amari, 1971; 1972a, b; 1974a, b; 1975; 197 7ayb). 

We consider the following association net. The net, 

learning from k pairs of stimulus patterns (x,, z,), ..., 

(x,, Z,), Self-organizes in such a manner that, when the 

net receives a key pattern x,(a=1,...,k), it correctly 

outputs the associated partner z,. The self-organization 
is carried into effect through modification of the 

synaptic weights of the net. This type of neural associa- 
tion has been investigated by many authors (e.g., 

Nakano, 1972; Kohonen, 1972; Anderson, 1972; Amari, 

1972a; Uesaka and Ozeki, 1972; Wigstrom, 1973), 

where the so-called “correlation” of pattern compo- 
nents is memorized in the synaptic weights. The cor- 
relational association works well when the patterns 

X,,-..,X, are mutually orthogonal, but otherwise it 

does not work well by virtue of the mutual interference 

of superposed patterns. The present paper considers 
two methods of neural self-organization, orthogonal 

and covariance learning, which eliminate the above 

interference. Orthogonal learning is closely related 

to Kohonen’s generalized inverse approach (Kohonen, 

1974; Kohonen and Oja, 1976). 

The concept-formation net, on the other hand, is a 

sequential net having recurrent connections. The net, 

receiving many stimulus patterns which are distributed 

in k clusters, self-organizes in such a manner that the 

net forms an equilibrium state corresponding to each 
cluster. The equilibrium states correspond to the con- 
cept patterns which the net retains. After the learning 

is completed, the net, receiving a pattern belonging 

to a cluster, falls into the equilibrium state correspond- 
ing to the cluster. The net keeps and reproduces any 

concept pattern in this manner (short-term memory), 

while forming many equilibrium states by changing 

synaptic weights yields the long-term memory. Orthog- 

onal learning and covariance learning again play an 

important role. 
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Fig. 1. Neuron pool 

The main results of the present paper are: i) a 

mathematical analysis of the performance, especially 

noise immunity, of association and concept-formation 

nets, ii) the formulation of orthogonal and covariance 

learning, and iii) proof of convergence of neural self- 

organization including covariance and orthogonal 

learning. 

II. Neural Models of Association 

and Concept-formation 

2.1. Neuron Pool 

We first consider the behavior of a neuron pool, which 

is composed of mutually connected neurons. Neuron 

pools play the role of building blocks of the models in 

the present paper. A neuron pool has a bundle of out- 

put axons. The output signal y of the neuron pool is 
represented by the average pulse rate over this bundle 

of axons, Let 1), x7... x, be n signals entering mto 

the neuron pool. A signal x; is also carried by a bundle 

of axons (Fig. 1), representing the average pulse rate 

of the corresponding bundle. 
The behavior of a neuron pool in which many 

neurons are connected in a random manner has been 

studied in detail (e.g., Amari, 1971, 1972b, 1974; Amari 

et al., 1977). Let us consider a bistable neuron pool. 

It has two states, an excited state which emits a high 

pulse rate output and a resting state which emits a low 

pulse rate output. It can be in either state. It enters 
the excited state when a weighted sum 

ee 
t=1 

of the input signals exceeds a threshold value h,, and 
stays in that state. It enters the resting state, when the 

weighted sum u becomes lower than another threshold 
Valich> (i, <f,), 

We represent the high pulse rate output by y=1, 

and the low pulse rate by y=0. The behavior of a 

bistable neuron pool, then, can approximately be de- 
scribed by the following equation 

y=eL)) w;X;+ (hy —h2)y—h,], (2.1) 

where ¢ is the step-function defined by 

1. w= 0 

= le ee 

When h, =h, holds, the equation is simplified to yield 

the input-output relation 

y=), wix;—h). (OP) 

This is the behavior of the so-called McCulloch-Pitts 

formal neuron. If we attach a feedback connection to 

a McCulloch-Pitts neuron with weight h,—hj, (2.2) 

coincides with (2.1). 

We hereafter use McCulloch-Pitts formal neurons 

as the constituent elements of our neuron nets, where 

an element may be a bistable neuron pool. A bundle of 

input or output axons of a neuron pool will also be 
treated: as a single input or output line. We call w; 
the connection weight of input x, and the weighted 

sum u the potential. 

2.2. Model Net for Association 

Let us consider a net of non-recurrent connections 

consisting of m elements (m neuron pools). The net 

receivers n input signals x,,..., x, and transforms them 

into m output signals y,,..., ¥,, Where y,; is the output 

from the i-th element (Fig. 2). Every input x; is con- 
nected with all the elements. Let w,; be the connection 
weight of x, entering into the i-th element. Let h; be 

the threshold of the i-th element. 
The output y; is determined by 

n=0( 5 mph). (Thy scoglifts (2.3) 

j=1 

This determines the transformation from x, ..., x, to 

V1, +++) Vm. It IS Convenient to use vector-matrix nota- 

tion. We represent the input and output signals by 
column vectors, e.g., 

awe X= (eee 

is the input vector, where the superscript T denotes 

transposition. The connection weights are also re- 

presented by a matrix 

W =(w;;), 

which we call the connection matrix. The transforma- 

tion (2.3) can then be rewritten in the form 

y=9(Wx—h), (2.4) 

where function @ operates component-wise. We sym- 
bolically write 

yay (2.5) 

to show that x is transformed into y. 



An input vector x is called an input pattern. It 
represents a set of n features x,, x>,...,x, of a signal 
pattern which the net processes. An output vector y 
is also called an output pattern. 

The net has another set of inputs z,, ..., z,,(Fig. 2). 
Signal z; arrives directly at the i-th element, and plays 
the role ofa “teacher” of this element. Since the teacher 
signal 

AE ares Ee ad 

is strong, the output signal y is always set equal to z, 

when z arrives. The teacher signal z arrives at the 

net in the learning phase only. The net usually works 
without the teacher input. 

Let us consider k pattern signals x,,...,.x,. When 
pattern z, is associated to pattern x,, we have k pairs 

of patterns (x,, z,)’s. When the net, receiving input x,, 
outputs the associated pattern z,, 1e., when z,= Tx, 

holds, we say that the net associates z, with x,. The 

net self-organizes such that z, is associated with x, by 

receiving k given pattern pairs (x,, z,)’s repeatedly, x, 

from the ordinary input and z, from the second input. 

This requires that z,= Tx, eventually holds when the 
second input is finally allowed to revert to zero. 

This is a primitive model of a neural association 

mechanism. We can construct more complicated and 

plausible models of association based on the mech- 

anism of this simple model. The mechanism can be 

incorporated with lateral-inhibition networks such as 

those of Spinelli (1970) and Malsburg (1973). 

2.3. Model Net for Concept Formation 

A recurrent net can be obtained by connecting the out- 

puts of a net to its inputs. We consider the net shown 

in Figure 3, where the net consists of n elements. Let 

x,(t), ..., X,(t) be the outputs of the net at time t. We 

denote the outputs by 

laf) ere, Xp) 1 

and call it the state of the net at time t. The output 

x(t+ 1) at time t+1 is determined by 

x(t+1)=@[Wx(t)—h] (2.6) 

~ which we write symbolically as 

x(t+ 1)= Tx(t), (2.7) 

and call T the state-transition operator. The second 

input z plays the role of setting the net in the initial 

state specified from the outside. When signal z arrives 

at the second input, the net is set in the state z. The 

net, then, begins its state transition, if no further signals 

come from the second input. 

A state x which satisfies Tx =x is called an equi- 

librium state of the net. The net can have many equi- 

ie 

xX 

Xo y, 

: 1 : 2 
’ ! " 

Fig. 3. Net for concept formation 

librium states. Equilibrium states represent informa- 

tion patterns which the net can retain persistently (the 

short term memory). We regard an equilibrium state 

as a concept pattern which the net has formed. The 
net can thus retain many concept patterns. 

Many patterns will arrive at the net in the learning 

phase from the outside. When the patterns consists of 

a number of clusters, we consider that there is a concept 

corresponding to each cluster of patterns. We show in 

Figure 4 an example of a pattern distribution, where 

patterns are distributed around x,, x,,and x3, forming 

three clusters. The abscisa really is an n-dimensional 

pattern space and the ordinate represents the relative 

frequency of patterns. 

Receiving a distribution of patterns one by one 

repeatedly, the net must self-organize by modifying 

the connection weights such that it automatically finds 

the clusters and forms equilibrium states. Moreover, 

when a pattern x’ belonging to the cluster of x, is input 
later, the net, first entering state x’, must tend to the 

equilibrium state x, thus formed. The net may be 

regarded as a pattern generator in which patterns 

X14, -.-)X, are coded in the form of equilibria. 
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Fig. 4. Distribution of input patterns 

III. Self-organization of Nerve Elements 

3.1. Convergence of Learning 

It is widely believed that a nerve net self-organizes 

by modifying its synaptic weights. Hebb (1949) pro- 

posed the rule that simultaneous firing of presynaptic 

and postsynaptic neurons brings an increase in that 

synaptic weight. This hypothesis has widely been 

accepted in various versions (e.g., Caianiello, 1961; 

Rosenblatt, 1961; Grossberg, 1969). We also adopt 

similar but somewhat extended rules of modification 

of connection weights. 

A connection weight w; of an element increases in 

proportion to a reinforcement signal r; in the learning 
phase. It decays slowly at the same time. The rule of 

modification of a weight is, hence, formulated as 

w(t+ 1)=(1 —c)w,(t)+ drt) , (3.1) 

where c and d are constants, and w(t) and r,(t) are 

respectively the connection weight and reinforcement 

signal at time t. 

The reinforcement signal r,(t) is determined general- 

ly depending on the input signal x(t), the connection 

weight w(t), the output signal y(t) and the teacher signal 

z(t) (when it exists). Nerve nets can realize various 

possibilities of information processing if provided with 

appropriate reinforcement signals. 

When 7,(t) is given by r{t)=x,t)y(t), it realizes the 

Hebbian rule. When a teacher signal z(t) arrives at the 

element, we can consider the rule r,(t)= x,(t)z(t). This 

may be called forced learning, because the teacher signal 

comes from outside. When the reinforcement signal 

is given by r(t)=x;,(t)u(t), where u(t) is the potential 

evoked by the input x(t) 

u(t)=)) wi(t)x,(t), 

we obtain a learning rule based on the potential of 

the neuron. This plays an important role in orthogonal 
learning defined later. 

We again use the vector notation, w=(w,, ..., W,), 

r(r,,.-.,1,), Where w and r are row vectors, so that 

wx gives the inner product of w and x. The reinforce- 

ment signal r is a function of input x, w, and z. We 

represent it by 

r=r(w, X, Z). (3:2) 

Let Aw(t) be the increment of the connection weight at 

time t 

Aw(t)=w(t+ 1)—wi(t). 

Then, the rule of weight modification can be written as 

Aw(t)= —cw(t)+dr[w(d), x(d), 2(0)] (3.3) 

for suitable positive constants c and d. This shows the 

direction of modification of w. 

We consider the case when there exists a function 

R(w, x, z) for which 

eS =w— r(w, xX, Z) (3.4) 
Ow € 

holds!, where 0R/dw=(0R/0wW,, .. 
dient vector. Then 

., OR/ow,,) is the gra- 

Aw=—c—. (335) 

This means that w is modified in the negative direction 

of the gradient of R with respect to w. 

The connection weight is modified depending on 
the x(t) and z(t), t=1, 2, 3,.... (We do not have any 

teacher signals in the case of concept formation.) We 

consider the situation where [x(t), z(t)]’s are indepen- 

dent samples from a fixed distribution. A typical case 

is that there are k input signals x,,...,x,, x, coming 

with probability or relative frequency p,. The teacher 

signal z, is paired with input signal x,, in the case of 

association. We show the convergence of the connec- 

tion weights. 

Let L(w) be the expected value of R for possible 
inputs (x, z), 

Lw)=<CR(wex, Zz); (3.6) 

where < > denotes the expectation with respect to x 
and z. In the above case, 

k 

L(w)= Y paR(W, yp Zy) 
a=1 

By taking the expectation of (3.5), we have 

<Aw> = —cdL(w)/dw . 

This shows that w is modified on the average in the 
direction of the steepest descent of L(w). Hence, it is 
expected that w eventually converges to the value which 
minimizes L(w) to within small fluctuations. 

1 The necessary and sufficient condition for the existence of R 
is given by 6r;/6w;=Or,/Ow;. As will be shown later, the condition 
is satisfied for most interesting cases 



Assume that L(w) is a function which has a unique 
minimum and satisfies some regularity conditions. 
Then, we can apply the theory of stochastic approxima- 
tion (e.g., Wasan, 1969). When c is small, we can show 
that the expected value <w(t)) of the connection 
weights converges to the minimum of L(w). Moreover, 
the deviation of w(t) from the expected value can be 
made as small as desired, by letting c be sufficiently 
small. 

We assume in the following that the decay constant 

c is sufficiently small so that the connection weights 

converge to the minimum of L(w). The minimum is 

attained at w satisfying 

eW=d<r(W, XZ). (3,7) 

3.2. Examples of Simple Learning 

A) Hebbian Learning. In the case of Hebbian learning, 

r; iS given by r;=yx; where y=@(wx—h). Let @(u) 

be the integral of @ 

P(u)= i p(x)dx . 
0 

The function 

1 7 @ R(w, x)=z ww — @(wx — h) 

satisfies (3.4). Therefore, by Hebbian learning, the con- 

nection weight converges to w satisfying 

w= : <p(wx—h)x">. (3.8) 

B) Forced Learning. The reinforcement signal is given 

by r;=2x; with teacher signal z. It is easy to see that 

R(w, x, z)=4 ww! — 7 zw 

gives the forced rule (3.4). From 

i (E1cex">1] 
1G 

the minimum is attained at 

2L(w)= (oe “¢ox") 

d 
w= —<zx"). 

c 

This is sometimes called the “correlation” of z and x. 

C) Learning Based on Potential. The learning rule 

based on potential is given by 
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where the reinforcement signal is r=(wx)x. We have 

1 r_d TT L(w)=7| ww? — —wixx’ dw’ |, 
c 

where <xx"> is the matrix whose (i,j) entry is given 
by <x;x;>. (It should be remembered that x is a column 

vector while w is a row vector.) 

The function L(w), however, has no minimum in 

this case. Therefore, the connection weight w(t) does 

not converge under the above rule of learning. If the 

connection weight is subject to the subsidiary condi- 

tion ww’ =const, so that w(t) is normalized after each 

step of learning, we can prove that w(t) converges to the 
minimum of L(w) under the subsidiary condition. It 

is the direction of the eigenvector of the matrix <xx") 

corresponding to the maximum eigenvalue. 

3.3. Orthogonal Learning 

An element may have both excitatory and inhibitory 

channels from the inputs. An input signal, therefore, 

not only excites it but also inhibits it at the same time 

through inhibitory interneurons. The connection 

weight w; can be decomposed into w;=w; —w;, , where 
w; and w; represent, respectively, the excitatory and 

inhibitory efficiency. 

Excitatory and inhibitory neurons may have dif- 

ferent self-organization rules. We consider the case 

where the excitatory w;’ is modified subject to forced 
learning with teacher signal, while the inhibitory 

weight w,; is modified subject to learning based on 

potential; 

Aw* =—cwt +dzx' , 

Aw =—c'w +d'(wx)x’. 

The excitatory weight converges to 

P d Dy Wi CZx (3.9) 
c 

Define 

d’ 

R(w, wt, x)=4 Le leas Wale (3.10) 

We then have dw = —c’0R/0w _. The function 

L(w”,w")=<R)> 

= 3|)w- P+ Sw wax? 900% —W7) 

is quadratic in w” and its coefficient matrix is positive 

definite. Hence, it has a unique minimum, and w~ 

converges to the minimum. Since w* converges to 
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(3.9) independently of w-, the minimum wis given 

by the equation 
A 

>= 5 Lt —w Xxx]. 

The total synaptic weight w=w* —w , 
verges to one satisfying 

therefore, con- 

w= ae bene : Gai) 
c c 

or 

w=edzx \(eE+ <xx")>) "1, (3.12) 

where E is the unit matrix and e=c’d/cd’, e=c'/d’. 
Let us consider the case where k signals x,,..., xX, 

come to the input (k<n) with paired teacher signals 

z,, We then have 

Zo) DoZaXq > CEI ahha 

We assume that k vectors x,,...,x, are linearly in- 

dependent. 

Let us introduce the set of dual orthogonal vectors 

Mik seen Xpassociated withixi, 2 x). 1 he x* is a.row 

vector satisfying the two conditions: 

1) x* is a linear combination of xf,...,x/, 
1, ev 6 

2) Xk, Xp — 
) Xa Xp to a+ fp. 

In other words, x* belongs to the subspace spanned 
by x{,..., x; and is orthogonal to all the x,’s except x,. 
The dual orthogonal vector is uniquely determined by 

(3.13) 

where (G,,') is the inverse matrix of (G,,)=(x]x,)/n. 
Since <xx")> is a singular matrix, it is impossible 

to expand (3.12) in a power series in ¢, even when ¢ 
is small. By the method given in Appendix I, 

Wey Z,x¢ ile 

where O(«7) represents the second-order term in e. 

2,Gg° xi + O(e?), (3.14) 

3.4. Covariance Learning 

We propose another possible neural rule of self-organi- 

zation. The excitatory weight w* is modified subject 

to forced learning as before, while the reinforcement 

signal r; for the inhibitory synapse is given, in this case, 

by 

r,;=e(bx;+az—ab), 

where a and b are constants. We then have 

w=e'((x—a)(z—b)>, 

where e’=d/c=(d'/c')e and a=(a,a,...,a)" . 

(3:15) 

When aand b are, respectively, the expected values 

of x, and z, <(x;—a)(z—b)> is called the covariance 

of x, and z. We call this rule of self-organization 

covariance learning. 

When k input signals x,’s come with z,’s we have 

w=e 2 PAZ (3.16) 

When a and b are put equal to zero, this learning 

reduces to simple forced learning or correlation learn- 

ing. 

b)(x,—a)’ . 

IV. Self-organization under Noisy Situations 

4.1. Self-organization of Neural Nets 

A non-recurrent net model for association receives 

k pairs of patterns (x,, z,) repeatedly, and the connec- 

tion weight w; of the i-th element converges to 

w,=e<z,x' y(eE+<xx">)* 

under orthogonal learning, where z; is the teacher 

signal entering the i-th element. Hence, the connection 

matrix W =(w,,) of the net converges to 

W =eC7zx \(eE + xx) *: (4.1) 

This can be evaluated as 

W=e 3 z,x* — — ie 

When ¢ is emit ates we have 

Wx,=ez,,  B=1,...,k. 

ZyGap X% +O(e7). (4.2) 

Therefore, ¢ represents the inaccuracy of the orthogo- 

nalization effect which suppresses the interference 

among many patterns. 

Under covariance learning, the connection matrix 
converges to 

W=e'S p,(z,—b)(x,—a)' (4.3) 

where a and b are constant vectors. 

A recurrent net, on the other hand, is forced to be 

in state x, when it receives an input x from the second 

or the initial-state setting terminals. The net immedi- 
ately outputs the x, which is fed back to the ordinary 
input terminals of the net. Learning takes place under 
this situation, so that x plays the roles of the input 
signal and the teacher signal at the same time. 

The connection matrix of the net converges to 

W=eXxx" (cE+<xxT>) 1 (4.5) 

by orthogonal learning. It converges to 

W Se'{(x—a)(x—a)"), (4.5) 
by covariance learning. 



4.2. Learning under Noisy Situation 

We have so far considered noiseless learning, where 
patterns x, and z, arrive without noise disturbances. 
In reality, the net receives noisy versions of x,'s and 
z, 8. Let X, be a noisy version of x, 

X,=x,+n, 

where n is a noise vector. When the noise disturbs the 
i-th component of x,, the i-th component n, of n is 
equal to 1 or —1, according as x;=0 or 1. The n, is 
otherwise equal to 0. We consider a random noise, 

which independently disturbs every component of a 
pattern with probability 6. We call 6 the noise rate of 
noisy pattern x,. The noisy x, differs from x, in nd 
components on the average. 

We consider the case where the net receives noisy 

pattern pairs (X,, Z,). The noise independently disturbs 

the pattern pair (x,, z,) each time. Let x, be the average 
of noisy versions of x,, i.e., the expectation of &, over 
all the possible noise. We easily have 

(1 20)x,--1, (4.6) 

where 1 is the column vector defined by 1=(1, 1, ..., 1)7. 

Similarly, by taking the expectation over all pos- 

sible patterns and noises, 

ax = 2 Paka aX b, ? 

(xx?) =) p,¥,32 +0E, 
where o=0(1—0). Therefore, we see from (4.1) that 

the connection weight converges, under noisy orthog- 

onal learning, to 

1 
W =e) z,X*+ ee Z G75 meg SCC (4.7) 

where e’=e+o and the x*’s are the dual orthogonal 

vectors of the x,’s. 
Noisy learning results in changing x, and z, to 

x, and Z,, respectively. This is not so important, 
because they are similar. The important effect of the 

noise is that it apparently increases ¢ to e’=e+<a, thus 

increasing the inaccuracy of orthogonalization. 

A cluster of patterns can be considered as being 

composed of noisy versions x,’s of the representative 

patterns x, of that cluster. Let 6, be the noise rate of X,. 

A typical pattern ¥, in the cluster is different from x, 

in nd, components on the average, so that 0, represents 

the disperion of the cluster. Given a distribution of 

patterns consisting of k clusters, we have 

Cm =) DiXe ’ 

C887) =P p, 887 +E, 

where =) p,0,(1 —6,). 
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The connection weight matrix of a recurrent net 

converges, under orthogonal learning of the above 
distribution, to 

W =e()) pyX,X_ +oE)\(o+s)E+) p,X,X,] +. (4.8) 

When both « and o are small, we can expand it into 

oO 

W= — : e(_E+ ayes z +0() (4.9) 

(see Appendix IT). When o<g, ie., the dispersion of 

clusters is small compared to ¢, we have 

Wey xx 

However, when o>«, we have W=eE which carries 

no information about the distribution of patterns. 

Therefore, orthogonal learning works well only when 

the dispersion o of patterns is smaller than ¢. Hence, 

é represents the degree of noise immunity for orthog- 

onalization. 
Covariance learning is not so sensitive to noise 

disturbances. The connection weight converges to 

W =e')' p,(Z,— b)\(X,—a)" (4.10) 

for a non-recurrent net, and to 

Weed p,(X,—a\(x,—a)' + cE] (4.11) 

for a recurrent net. 

V. Behavior of Association and Concept-formation Net 

5.1. Simple Illustration of Association Mechanism 

The matrix 

W =e' pz ,x! (5.1) 

is sometimes called the correlation matrix of k pattern 
pairs, and many researchers have studied associative 

memory models by the use of this matrix (e.g., Nakano, 

1972; Amari, 1972a; Kohonen, 1972; Anderson, 1972). 

Consider the very special case where k patterns 

X,,-..,X, are mutually orthogonal, 

(a+ B). (5.2) 

In this case, for given input x,, the net produces the 

potential vector 

Spy) 

u= Wx, =(e'pglxgl’)z, 

which is proportional to the associated pattern Z,. 

Hence, if the threshold h is adequately chosen, the net 

outputs the associated pattern z, from input x, 

(B=1,...,k). The orthogonality condition (5.2) makes 

it possible to extract the necessary pattern from W 

in which many pattern pairs are superposed. Most 

studies of the so-called correlation memory have used 
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mutually orthogonal or nearly orthogonal patterns to 

take advantage of this fact. 
When the orthogonality condition does not exactly 

hold, and when a noisy version x, +n is input as a key 
pattern, the induced potential vector is written as 

W(xg+n)=(e'Dglxg\")Z2¢ +N , 

where 

N=e' >. p,(xiX,)Z,+ Wn 
a+pB 

represents the term due to the interference from the 
other superposed patterns and the noise. When N is 

small enough, the interference is completely eliminated 

by operating the non-linear threshold function @. The 

neural association is realized by the two mechanisms: 

1) elimination of interference of patterns by orthog- 

onalization; and 2) noise elimination by operating the 

non-linear function g. Amari (1972a) has studied the 

condition of noise elemination by the use of the 

stability concept of threshold-element nets. Uesaka 

and Ozeki (1972) have shown the probability of noise 

elimination by using randomly generated patterns x,’s, 

where each component takes on | and —1 with equal 

probability. In this case, two vectors are orthogonal 

on the average. Kohonen (1972) has studied the linear 

aspects of the correlation matrix memory. He also 

proposed the generalized-inverse approach, which uses 

the matrix W minimizing 

k 

LW)= >. |Wx,—2,)? 
a=1 

An iterative method of obtaining W was also shown 

(Kohonen, 1974). Orthogonal learning of the present 

paper has a close relation with the generalized inverse 
approach. 

It should be noted that holography-like memory 

such as the holophone (Willshaw and Longuet-Higgins, 

1969; Pfaffelhuber, 1975) also uses correlation memory. 

However, the dimensionality of the memory is as small 
as that of the patterns, so that it is difficult to super- 
pose many patterns in the holography-like case. 

5.2. Noise Immunity of Association Net 

Let n be a noise disturbing a pattern x, into x,=x,-+n. 
We call 

n 1 1 
b= — Yes %ad = =D bl (5.3) 

the noise rate of x,. The noise rate of an output pattern 

z,, is defined similarly. An association net is said to 
have a high noise immunity, if the net, receiving a noisy 

input x,, outputs the correct or less noisy pattern z’,. 

The behavior of an association net is evaluated by the 

noise immunity shown by the relation between the 

noise rates of the input and output. 

This relation, of course, depends on the whole set 

of pattern pairs (x,, z,) in a very complicated manner, 

so that it is almost impossible to obtain the relation. 

We, therefore, use the stochastic technique to evaluate 

the noise immunity. To this end, we assume that k 

pattern pairs (x,,z,) are randomly generated. Let a 

be the probability that every component x, ; of every 

x, is set equal to 1. Let b be the probability of 2, ; 

being set equal to 1. All these components are in- 

dependently determined. 
We treat the case where n, m, and k are sufficiently 

large. Then, the law of large numbers holds and we 

can get an asymptotic evaluation of the noise immunity. 
The net must memorize k patterns z, which altogether 

include mk components. The net has nm modifiable 

connection weights w;;. Therefore, 

s=mk/nm=k/n (5.4) 

represents the ratio of the number of memorized com- 
ponents to that of the modifiable synapses. 

We first consider a net subject to covariance 
learning of k pattern pairs, with p,=1/k. By evaluating 

the probability distribution of the interference term N 
(where we use the central limit theorem, the law of 

large numbers and assume that h;’s are adequately 

chosen), we have the following relation between the 

input noise ratio 6 and the output noise ratio 0’: 

V=F |/ a(1 —a)(1 — 20) (5.5) 

2//sb(1 — ba +6 — 26) 

where 

S 
FG)— oes J exp (—u?/2)du. 

2x ; 

The relation is shown in Figure 5, where a=b =0.2. 

When s=0.1, i.e., when the number of superposed pat- 

tern pairs is 10% of the dimensionality of input patterns, 

the net has an ability of eliminating an input noise of 

6=0.1 almost completely, outputting the precise as- 

sociated pattern. When s=0.3, noise reduction also 
takes place, but the output pattern includes a noise of 

rate 2%, even when the input pattern is noiseless. 

When s=0.4, there is no noise reduction. The output 

noise rate is similar to that of the input. Therefore, the 
association net with covariance learning works well for 
s<0.3 or k<0.3n. It should be noted that the net 
works better for smaller a and b. Mere correlation 
learning (5.1) does not work well, even if the thresholds 
are adequately tuned. 

Association by covariance learning, however, has 
the following shortcomings: 1) Even if 6=0, ie., the 
correct cue pattern is input, the net outputs a noisy 



pattern, 0’+0. 2) When the set of pattern pairs cannot 
be regarded as a typical sample from randomly 
generated patterns, it does not work well. 

Association by orthogonal learning does not share 
these shortcomings. It works well for an arbitrary (non- 
random) set of pattern pairs, as long as the x,’s are 
linearly independent. When 6=0, the output patterns 
are noiseless 6’=0. However, the above performances 
are guaranteed only when « is neglisibly small. When 
the netself-organizes under the influence of noise, ¢ 
increases to e’=e+o. Therefore, it is not realistic to 

ignore the term of order e. 
Since xf’s depend on all the x,’s in a very com- 

plicated manner, it is difficult to evaluate the noise 

immunity in the general situation. We again consider 

the case where the (x,,z,)’s are randomly generated, 
though the net works well for non-randomly generated 

pattern sets. We treat the case where ¢ and 6 are so small 

that their higher order terms can be neglected. We then 
have the following noise relation 

a(l —a)—é's+0 

2//absd(1 —a+s+sa)]’ 
Oo SF (5.6)? 

which is shown in Figure 6, where a=b=0.2, ¢’=0.1. 

For small 6, the performance is very good, even when 

s—(.55.In the case of s=—0.1, even the fifteen percent 

noise is completely reduced. However, this evaluation 
holds only when e’=é+<o is not so large. 

5.3. Dynamics of a Concept Formation Net 

When each cluster of patterns is so sharply distributed 

that o=0, x,=x, hold, the connection matrix (4.9) 

reduces to 

We xx; + Ole): 

Hhefelore, or small & 1x.=x,(o=1,...,k)} holds. This 

shows that each pattern x, becomes an equilibrium 

state of the net. By receiving an input pattern x, the net 

will tend to the state x, which is closest to it. The net 

can store k patterns x, in this manner. It can reproduce 

any of them correctly from a noisy input. The net may 
be regarded as a pattern generator, in which k patterns 

are coded. 
In the case where the dispersion o of the clusters 

is not neglisibly small, the net works only when o<e. 

Otherwise, the term [o/(o+e)JE dominates in W, 

which then gives no information about the necessary 

patterns. We may say in this sense that ¢ gives the 

degree of resolution of patterns: Only a pattern cluster 

whose dispersion o is smaller than ¢ is treated as com- 

prising versions of only one pattern. It is difficult for 

2 The derivation is complicated and involves some stochastic 

assumptions 
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Fig. 5. Noise reduction rate of an association net with covariance 

learning 

§ r 

sil We 

Fig. 6. Noise reduction rate of an association net with orthogonal 

learning 

the net to recognize a cluster of patterns whose dis- 
persion is larger than ¢. The parameter ¢, on the other 

hand, must be small, because otherwise we cannot 

neglect the harmful interference term O(¢). Therefore, 

orthogonal learning works well for a trainable pattern 

generator in which the patterns to be generated are 

precisely taught. The cerebellum might have this mech- 

anism in which the patterns are taught by the cerebrum. 

When the net treats clusters of largely dispersed 

patterns, covariance learning works better. We hence 
analyze the behavior of the net with covariance learning. 

We consider again the case where k patterns x, are 

randomly generated. We moreover assume for the sake 

of simplicity in calculation that the connection weight 

w, has a fixed self-inhibition term of amount —e’/4. 
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Fig. 7. Noise reduction rate of a concept-formation net with co- 

variance learning 

Assume that, in the neighborhood of a pattern x,, 

the relation 

Oo = go). (5.7) 

holds, where 6 and 0’ are, respectively, the noise rates 

of states before and after state transition. Then, the 

noise rate 0, at time t obeys the dynamical equation 

6:41 =9(0,) » (5.8) 

because the state x(t+ 1) of the net is determined from 

x(t). We can analyze the dynamical behavior of the 

net through the change in the noise rate. When 6, of 

(5.8) converges to an equilibrium 0p, the net tends to and 

remains in states close to x, whose noise rate 1s do. 

We can say in this case that the net can retain pattern 

x, persistently within an error of noise rate 69. Un- 

fortunately, there does not exist an exact relation like 

(5.7). We obtain instead the relation 

0’ Sg(0), 

where 

kp,(0.5 —6)(0.5 —6,)" 

/ sy(0.5 +6) 

for patterns around x,, where we put a=0.5, 

y=k¥ p2(0.5—5,)4 
B 

g(6)=F (5.9) 

and 0, represents the dispersion of patterns around x,. 
We show the function g(6) in Figure 7, where 

P= 1/k, 6,=0.2 for all «. Since we have put a=b=0.5, 
the result is not so good compared to covariance 

association learning. For s=0.1, dynamical Equation 

(5.8) has a stable equilibrium at 6=0.01. Therefore, 

the net forms the corresponding concept within a 1% 

noise rate. For s=0.15, the equation has a stable equi- 

librium at 56=0.06, so that the concept pattern is 

formed in the net within a 6% noise rate. However, 

for s=0.2, there are no equilibria except for 6=0.5. 

This means that the net fails to form concept patterns 

in the case when s>0.2, or k>0.2n. The situation 

seems better for for small a and b. 

Appendix I. Derivation of (3.14) 

Let X be a kxn matrix consisting of k column vectors x 

Xe [Exe once cn le 

Let P be a kx k diagonal matrix, whose diagonal entries are p,. We 

denote by VP the diagonal matrix whose diagonal entries are V Pa 

Let z be the row vector 

A Ween ade 

We easily have 

(xx =X PX = (XY/PAY PY 
(zx?) =zPX7 =2|/P(X//P)', 

GX ine 

Equation (3.12) is rewritten as 

w=ezPX'(eE+ XPX') '. 

We can use the identity 

(X/P)"(eE+X PX)! =(cE, + |//PX7X//P)‘//PX", 

where E, is the kx k identity matrix, and the expansion formula 

(cE, + A) 1=A~1—eA~?+O(€?), 

where A is a non-singular k x k matrix. (Since k<n, the nx n matrix 

X PX" is singular, while the kx k matrix VPX'*XyP is non-sin- 
gular.) We obtain 

ad MO) OK! = GSO OO) IE (EXO) © 420). 

Taking account of (¥'X)"'X?’=G_~'X7, and rewriting the above 
w in the vector notation, we have (3.14). It should be noted that the 

kxn matrix X*=G_!X7, which is composed of k row vectors x*’s, 
is the generalized inverse of X [Albert (1972), see also Kohonen 

(1972)]. 

Appendix II. Derivation of (4.9) 

Let X be the matrix defined by X¥ =[Xj, ..., ¥,]. We have 

W =e(GE+XPX")[(o+e)E+XPX"]"!. 

Let A,, 22, ..., A, be the non-zero eigenvalues of the matrix X PX‘, 

and let e;,...,e, be the corresponding eigenvectors. We add n—k 
vectors é€,4,,...,é@, Such that {e;} i=1,...,n forms a set of ortho- 
normal basis vectors. We then have 

k 

XPXT= yy Ayeie; , 
; =u 



By the use of the relations 

n =f) n 1 

(5 mee? = eee 
i=1 L ee iad 

® Mee >, veie; ) = y Lv ,e,e. 3 

we obtain 

é o+A, a oO 
W=e( ——— eel + er 

Ceara, oie Orne 

Expanding the above, where o +¢ is assumed to be small, we obtain 

n Oo k s k \ 

W=e ——— ee. ae eet ne eran 

& ote | » ote - py od [e(e+o)] . 

Here, we put ¢=0 and compare the result carefully with (4.2) or (4.7). 
We then have (4.9). 

Conclusion 

We have used two types of nets with recurrent connec- 

tions and non-recurrent connections as models of 

association and concept-formation, respectively. We 

proposed two types of self-organization, one called 

orthogonal learning and the other covariance learning. 

We have analyzed the behavior of these nets and 

elucidated possible neural mechanism of information 

processing including association and concept-forma- 

tion. 

The present models are still too simple to be com- 

pared with the actual brain. However, the actual brain 

might have the mechanisms analyzed here commonly 

in its various portions. The present analysis will help 

in building more realistic models of the brain because 

it provides a possible neural logic. 
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Note to Authors 

To simplify the printing of mathematical formulae, authors are asked 

to use the forms indicated in the following examples when preparing 

their manuscripts. 

7/8, (at+b)/c instead of . aaa 

a 

(a/b) d rm 

(4/3) —(x/2) a_x 
per 

cos(1/x) tt 

(a +(b/x))"/ 

or b 

(a+ (b)x))-# cos(1/x) leas 

exp(—(x? + y?)/a’) (a 

The use of such linearized forms can mean up to 50% saving of time 

to the compositor. Considering the danger of misinterpretation of 

formulae by a copyeditor or compositor, the publishers find it essential 
that this simplification in the use of such expressions should be adopted 

by the authors themselves who are in the best position to ensure that 

the meaning and intended emphasis within the formulae are preserved. 

Finally we ask authors to continue to follow the Instructions to Authors 
as usual. 
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